WEIGHTED GENERALIZED KORN INEQUALITIES
ON JOHN DOMAINS

FERNANDO LOPEZ-GARCIA

ABSTRACT. The goal of this work is to show that the generalized Korn inequality that
replaces the symmetric part of the differential matrix in the classical Korn inequality
by its trace-free part is valid over John domains and weighted Sobolev spaces. The
weights considered are nonnegative powers of the distance to the boundary.

1. INTRODUCTION

Let 2 C R™ be a bounded domain and 1 < p < oco. A well-known version of the
Korn inequality states that

1/p 1/p
(1.1) inf (/ |Dv — Dw|? d:p) <C (/ le(v)|P d:v) :
e(w)=0 Q Q

for any arbitrary vector field v in the Sobolev space W?(Q, R™), where n > 2. The
constant C' depends only on € and p, and £(v) denotes the symmetric part of the
differential matrix Dv, namely,
Dv + Dv’
e(v) i = ——.
2

This inequality is a fundamental result in the analysis of linear elasticity equations
where the vector field v represents the displacement of an elastic body and &(v) the
linear part of the strain tensor.

The validity of this type of inequalities depend on the geometry of the domain.
For example, inequality fails on certain domains with cusps (see [1, 2]). The
largest known class of domains where this inequality is satisfied is the class of John
domains. Examples of John domains are convex domains, Lipschitz domains and the
Kock snowflake, a domain with fractal boundary. We refer the reader to [3| 4, [5]
where some Korn-type inequalities are studied in this class of domains. The geometric
John condition was introduced by Fritz John in [6] and named after him by Martio
and Sarvas in [7]. It was recently shown in [§] that certain Korn type inequalities
and the John condition are equivalent if the domain satisfies the separation property.
This property was introduced by Buckley and Koskela in [9] to exhibit a wide class of
domains where the Sobolev-Poincaré inequality and the John condition are equivalent.
Examples of domains with the separation property are simply connected plane domains.
Reference [9] has also been used to prove the equivalence of the John condition with
other inequalities in Sobolev spaces such as the one known as the inf-sup condition [3]
and an improved version of the fractional Sobolev-Poincaré inequality [10].
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2 F. LOPEZ-GARCIA

In this work we deal with a generalized version of (|1.1)) known simply as the gen-
eralized Korn inequality or the conformal Korn inequality, where the linearized strain
vector €(v) is replaced by its trace-free part [(v) defined by:

divv

1,

where [ in R™™"™ is the identity matrix. More specifically, the main goal of these notes
is proving that the inequality

1/p 1/p
(1.2) inf (/ |Dv — Dw|? dx) <C (/ [L(v)]P dx) ,
(w)=0 \ Jq Q

is valid for any vector field v in WP(Q, R™), where  C R" is an arbitrary bounded
John domain and n > 3.

Different types of the Korn inequality involving the trace-free part of the symmetric
gradient have been recently studied for their interest as a mathematical result and for
their applications, for instance, to general relativity and Cosserat elasticity. We refer
the reader to the following articles and references therein for more details [11], 12 13, [14].
However, we are especially interested in two Korn-type inequalities published in [15]
and [16] where no assumptions on the values of the vector fields over the boundary
of the domain are considered. In the first article, Yu. G. Reshetnyak showed the
following generalized Korn inequality over star-shaped domains with respect to a ball
in R", where n > 3 and 1 < p < oc:

(1.3) v = IL(V)|[wrr) < CNU(V)||lLr )

valid for all v € W?(Q,R™). The operator I : W1P(Q, R™) — X is a projection (i.e. a
continuous linear operator such that II(v) = v for all v € ), where ¥ is the kernel of
[ and it is endowed with the topology of LP(£2,R™). This result was proved by using a
certain integral representation of the vector function v —TII(v) in terms of [(v) and then
the theory of singular integral operators. Let us recall that the class of star-shaped
domains with respect to a ball contains convex domains and it is strictly included in
the class of John domains. The study of this inequality was motivated by its connexion
with the stability of Liouville’s theorem.
The second Korn-type inequality of our interest was published in [I6] and says

(1.4) HVHWLZ(Q) < C{H(V)HL2(Q) + HZ(V)HLQ(Q)}7

where v is an arbitrary vector field in W12(Q, R™) and C' depends only on Q. In this
case, {2 is an arbitrary bounded Lipschitz domain in R", with n > 3. This theorem
was proved in [I6] by using the classical result known as Lions Lemma that claims that
any distribution in the space H!(€Q) with gradient in H ()" belongs to L*(2). A
generalized version of this result for distributions in H~2(f2) is also required. It is shown
in [16] that inequality fails on planar domains independently of the geometry of
the domain.

The main result of this work states that generalized Korn inequality holds also
in weighted Sobolev spaces on John domains where the weights are nonnegative powers
of the distance to the boundary.
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Theorem 1.1. Let 2 C R" be a bounded John domain withn > 3, 1 < p < oo and
B > 0. Then, there exists a constant C' such that

1/p 1/p
(1.5) inf (/Q Dv — Dw|? dx) <c (/Q (V)P dx)

I(w)=0

for all vector field v from 0 to R™ in the Sobolev space W1P(Q, R", pP®). The function
p(x) is the distance from x to the boundary of Q.

As a Corollary of the main theorem, we prove that and are also valid on
bounded John domains.

Let us recall the definition of John domains. A bounded domain 2 C R", with
n > 2, is called a John domain with parameter C' > 1 if there exists a point z¢ € €2
such that every y €  has a rectifiable curve parameterized by arc length ~ : [0,1] — Q
such that v(0) =y, v(I) = 2o and

dist(+(t), 09) > ~t
C
for all ¢ € [0, 1], where [ is the length of ~.

Finally, notice that powers of the distance to the boundary are not in the Mucken-
houpt class (A, class) for arbitrarily large exponents. Thus, approaches that rely on
the continuity of the Hardy-Littlewood maximal operator do not apply to the current
setting. Instead of the maximal operator we use a Hardy type operator 7', which defi-
nition depends on the geometry of the domain and it is continuous for this type
of weights. Moreover, if €2 is a bounded John domain it follows that T is pointwise
bounded by the Hardy-Littlewood maximal operator (after multiplying by a constant),
then it is also continuous for weights in the Muckenhoupt class. Since this paper is
based on a local-to-global argument, extending Theorem to arbitrary Muckenhoupt
weights would require to prove first the result on cubes. For general knowledge, we
refer the reader to [17, [18] where necessary conditions on a compact set F' and a real
number 3 are given such that the power distance d’(x, F) becomes a Muckenhoupt
weight.

2. NOTATION

Throughout the paper 2 C R"™ denotes a bounded domain where n > 3 and 1 <
p,q < 0o, with }D + % = 1. Given 7 : 2 — R a positive measurable function we denote

by LP(€2,n) the space of Lebesgue measurable functions u : 2 — R equipped with the

norm:
1/p
el = ( [ ut@pata) d:c) .

Analogously, we define the weighted Sobolev spaces W1P(Q, 1) as the space of weakly
differentiable functions u : 2 — R with the norm:
» 1/p
n(x) dx) .

Jullws e = ( [ @rae s+ [

We extend this definition to functions from €2 to R"*", and from €2 to R", denoted by
LP(Q,R™" ), and WP (Q, R™ 1) respectively.

Ju(x)
6@»
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Given g : R* — R™"™ and 1 < r < oo we denote by ||g||, : R” — R the following
function

1/r
g1l () := ( > ygij(:c)]’“>

1<i,j<n
if r # oo, and

19lloc () = max |gy;(x)].

1<ij<

Notice that for any 1 < ry, 79 < oo there is a positive constant C' = C(ry, r3) such that

%Hg”rl(:p) < 3llr»(x) < Cllgl ()

for all functions g and x € Q.

Moreover, |g| : R" — R"*" is given by |g|;j(x) = |gi;(z)|. We say that the function
g is integrable (similarly bounded) if each coordinate is integrable (bounded).

For §, f : R" — R™" we denote by §(x) : f(z) the product coordinate by coordinate

@) flo) =) Gis@)fiy().

1<ij<n

We say that x belongs to supp(g) iff g(z) has at least one coordinate different from
zero. We denote with tilde those functions with codomain in R™*™,

Finally, a Whitney decomposition of € is a collection {Q;}ier of closed dyadic cubes
whose interiors are pairwise disjoint which satisfy

(1) Q = Utel‘ Qt7
(2) diam(Q;) < dist(Qy, 9Q) < 4diam(Q,),

(3) idiam(Q,) < diam(Qy) < 4diam(Q,), if Qs N Q; # 0.

Two different cubes @, and @Q; with Q, N Q; # 0 are called neighbors. Notice that
two neighbors may have an intersection with dimension less than n — 1. For instance,
they could be intersecting each other in a one-point set. We say that (s and @); are
(n — 1)-neighbors if Qs N @y is the n — 1 dimensional face of one of them. This kind
of covering exists for any proper open set in R (see [19] for details). Moreover, each
cube ); has less than 12" neighbors. And, if we fix 0 < € < }l and define @)} as the
cube with the same center as (); and side length (1 + €) times the side length of @,
then @ touches Q7 if and only if Q); and ), are neighbors.

Given a Whitney decomposition {Q;}ier of Q we refer by an extended Whitney
decomposition of Q to the collection of open cubes {€; }er defined by

9
Qt = th .
Observe that this collection of cubes satisfies that

Xo() <D xa.(z) < 12°xo(x)

for all x € R"™.
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3. PROOF OF THE MAIN RESULT

This section is devoted to showing Theorem [I.1} The proof follows from a local-to-
global argument based on the validity of , with 8 = 0, on cubes and a certain
decomposition of functions stated in Lemma [3.4] which is proved in Section [4]

The following result is implied by the validity of proved by Reshetnyak [15]
over star-shaped domains with respect to a ball.

Corollary 3.1. Let Q C R™ be an arbitrary cube with sides parallel to the axis, with
n >3, and 1 < p < oo. Then, there exists a positive constant C that depends only on
n and p such that

1/p 1/p
(3.1) inf (/ |Dv — Dw/? d:c) <C (/ [L(v)[P d:c)
I(w)=0 Q Q

for all v.e Wh(Q,R™).

Proof. Cubes are star-shaped domains with respect to a ball, thus from ([L.3)) we can
conclude that

E 1DV = DWlliig) < IV =TIV i) < CIUY) o)

where C' depends on p, n and (). It only remains to prove that there is a uniform
constant that makes valid for any arbitrary cube with sides parallel to the axis.
Let Qo be the cube (0,1)™ with constant Cp, in the inequality . Hence, any other
cube with sides parallel to the axis can be obtained by a translation and dilation of
Qo. Now, the inequality only involves first order partial derivatives, thus by making a
change of variable, we can extend the validity of this Korn type inequality from @)y to
any other cube in the statement of corollary with the same constant Cg,. O

The kernel of the operator [, denoted by X in these notes, plays a central role in this
local-to-global argument. So, let us recall its characterization which is significantly
different if n = 2 or n > 3. In the planar case, ¥ is an infinite dimensional space
where w € ¥ iff w(z,y) = (wi(x,y), ws(z,y)) where wy and wsy are the components of
an analytical function F(x + 1y) := wy(x,y) + iwa(x,y). The fact that the kernel has
infinite dimension and the well-known Rellich-Kondrachov Theorem for Sobolev spaces
imply the failure of for planar domains (see [16]). We have described the planar
case for general knowledge, however, in this article, we deal with n > 3. In that case,

when n > 3, the kernel of [ has a finite dimension equal to %2(”% and a vector field
w € X iff

32wl =a+ Al =)+ Ma =)+ { i) - ) - Sl ol

where A € R™" is skew-symmetric, a,b € R" and A € R. The vector y € R" is
arbitrary but must be fixed to have uniqueness for this representation.

Now, we define the space V whose elements are the differential matrix of the vector
fields in ¥. Namely,

Vi={¢:R" 5 R™": ¢(x) = A+ M + Y _bHi(x —y)
i=1
with A skew-symmetric, A € R and b; € R for all i}.
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The matrix [ is the identity and, for 1 < i < n, H;(z) is the functions with values in
R™™ defined by

5 ifj Ak k=i

—a i Ak, j=i
0 otherwise

(3.3) (Hi)jr(2) =

for 1 < j,k <n. In the particular case when n = 3, we have:

21 —R2 —RZ3 Z2 21 0 z3 0 21
H1 = Z9 Z1 0 HQ = —Z21 X9 —2Z3 H3 = 0 Z3 29
Z3 0 21 0 z3 Z9 —21 —RXk9 23

Observe that the definition of V does not depend on the vector y € R™. By taking a
different y we only obtain a different representation of the functions @(z) in V. Thus,
let us denote by m := @ + 1 + n the dimension of V. Finally, to prove that ¢

belongs to V iff ¢ = Dw for some w € X it is sufficient to show that the quadratic

part appearing between brackets in 1’ denoted by r for simplicity, is Y b;H;(x —y).
i=1

Indeed,

bi(z; — vi) ifj==k
1

bi(xj —y;) —bj(we —y)  ifj#k.

Thus, <%> L > b;H;(x — y) concluding that
J

ox
k i=1

or; _
8$k_

VY = D(%).
Now, we define the subspace W C L4(, R™" p=97) by:
W= {§ € LYQ,R™" p~¥) . /g : @ =0 for all p € V},
where the product “:” is the standard inner product for vectors understanding matrices
in R™" as vectors in R". Notice that p” belongs to L'(£) thus
LI(Q,R™™ p=%%) C LY(Q,R™™).

Moreover, using that € is bounded it follows that V C L*°(Q,R"*"). Hence, W is
well-defined.

Lemma 3.2. The space LY(Q,R™" p=9) can be written as W @~p”5V. Moreover, for
all F'= g+ pP% in W pPPV it follows that ||g|| a(a,p-as) < C1l|F || nag,p-as) where

(3.4) Gy = (1 + Z H%’HLP(Q,pPﬂ)H%’HLqm,pqs)) :
j=1

The collection {?ﬁj}lggm in the previous identity is an arbitrary orthonormal basis of
V with respect to the inner product

(W, @Yo = [ d(x): @(x) pP(z) da.

Q
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Proof. Notice that pPP4, with ¢ € V, belongs to L1(Q,R™™, p=97). Indeed,

163y a0 = [ W0l < (sup [5Gal) [ (o)

Thus, pPPV is a subspace of Li(Q, R™" p=95).

The representation follows naturally from the definition of W. Indeed, given F in
the space LI(Q, R™" p~=97) we take

(3.5) Ypla) = ap (),

where ap ; = fQF : 1@- for any 1 < j < m. Thus, F = ﬁF + ppﬁﬂﬁ where T;F €V and
iLF = F — PP 1Z~)F € W. The uniqueness is a simple exercise of linear algebra. Now, to
obtain (3.4) notice that the coefficients a ; verify

(3.6) ’aﬁ‘,j’ < HF”Lq(Q,p—qﬁ)H?/JjHLp(Q,ppﬁ),

for all j. Thus, from (3.5) and (3.6) we have

175 ll Lo pma8) < (1 + II@/)jIILp(Q,pw)IIppﬁt/)jlqu(n,p—qﬁ)) 1Nl ogga,o-02)

J=1

= (1 + Z ||¢j||Lp(Q,ppﬁ)||¢j||Lq(Q,pqﬁ)> | F | aga,p-a5-

j=1
0J

Given a decomposition of extended Whitney cubes {€; }er of 2, we define the sub-
space Wy C W by:

Wo :={g € W : supp(g) N Q; # () only for a finite number of ¢ € T'}.

Remark 3.3. The local-to-global argument used in this article is based on the possi-
bility of having a decomposition of the functions in W C L(Q, R™*" p=9%) as the sum
of a collection of functions with support in the extended Whitney cubes and satisfying
the additional properties detailed in Lemma (3.4, By using the subspace W, instead of
W the sums in the decompositions are finite simplifying the proof of the main result.

Lemma 3.4. Let Q C R" be a bounded John domain and {4 }ier a decomposition of
extended Whitney cubes. Then, there exists a positive constant Cy such that for any
g € Wy, there is a collection of functions {g; }ier with the following properties:

(1) g= Zter Gi-

(2) supp(gy) C .

(3) G € W, for allt €T.

We call this collection of functions a V-decomposition of g subordinate to {2 }ier.
In addition, it satisfies

(3.7) D NGl an oy < ColG 1o pmasy-
tel’

Moreover, g, Z 0 only for a finite number of t € T'.
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Lemma (3.4} which is fundamental in these notes, is proved in the next section.
Now, we define the following subspace S of L(Q, R"*", p=%%) by

(3.8) S =W, @ pPV.
Lemma 3.5. The subspace S defined above is dense in LI(2, R™" p=99).

Proof. By Lemma [3.2] it is sufficient to show that W, is dense in W with respect to
the norm in L?(Q, R™", p=9),

Let @ C € be a cube that intersects a finite collection of €; and {7;}1<j<» an
orthogonal basis of the finite dimensional space V with respect to the inner product

(0, B)q = /wa) - p(z) pPP(z) da.

Now, given h € W notice that fﬂ h v; = 0 for all j, for being 7; a function in V. Next,
given € > 0, let ). C  be an open set that contains (), intersects a finite number of
Qt and

(1 - XQE)iLHLq(Q,p—qﬂ) <€
Thus, we define the function g by

i) = o (D) + 3 xo @ @inle) [ ) s i) o

\ Qe

Notice first that the support of g intersects a finite number of €2;, and fQ g :v; =0 for
all j, thus g belongs to W,. Moreover,

Yo(@)r (2)in(x) / Ry) : u(y) dy

Q\Q.

h = Gllpap-oey < €+
i=1 La(Q,p—48)

< et Z (/ \h(y) : 75(y)) dy) 17:07° || La(@.o-02)
i—1 Q\Qe
S e+ Z 1Al] oo o-a8) | 7ill Lo @, po8) 1707 || Lo p-o2)

=1

< € (1 + Z HﬁiHLP(Q,pPB)”ﬁi/)pBHLq(Q,p—‘Iﬁ)> :

i=1
which proves that S is dense in L4(Q, R™" p=9%). O

We are ready to prove the main result of this article.

Proof of Theorem[1.1. Let v be an arbitrary vector field in W5P(Q,R", pP%). Next, let
us take w in X, the kernel of [, such that

[oviap = [(Dw:g)p?

for all » € V. Recall that the elements in V are the differential matrix of the vector
fields in (3.2]), thus Dw is the orthogonal projection of Du onto V with respect to
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the inner product used above. Moreover, 5 > 0 and €2 is bounded, then w belongs to
Whr(Q,R™, pPP). Hence, by taking u := v — w, it is sufficient to prove

1/p 1/p
( / |Du|wﬁdx) sc( / |1<u>|pppﬁdx) |
Q Q

for all u € WP(Q R", pP#) which satisfy

[0upp =0

for all ¢ € V. For simplicity, we preferred to write the generalized version of the Korn
inequality in our main theorem by using the infimum over [(w) = 0, however, it is also
valid for vector fields verifying the condition stated above, which is also very standard
in this kind of inequalities.

Now, using that the space S defined in is dense in LI(Q, R™" p=%) it is
enough to show that there is a constant C' such that

[pu+on<c ( [ e dm) "

for any arbitrary function g+ pP%¢ in S, with g + pPB&HLq(Q,p_qﬁ) < 1. Thus, given a

function g + ppﬁzz with norm less than one, let us take a V-decomposition {g; }ser of g
(we refer to Lemma[3.4). Thus,

Q Q
= Du . th
Q tel
= Du: g, = (1)
tel 2

Notice that in the last identity we used the finiteness of the sum stated in Lemma [3.4]
Now, g; satisfies that th Dw : g, = 0 for all w € Y. Thus, from Holder inequality,
property (2) in Whitney decomposition’s definition and (3.1)) we obtain

(1) < Zl(igf:o [Du — Dw||p(, o0 13t La(02s p-05)
tel’

<> C(dinm(©2)7 inf [ Du = DWilura il (0o

tel’

< O (diam(Q)? (@) o 1Gell oo p-o0)

tel

<O Wl za@rm9) 13l ac@n om0y = (2).

tel’

Next, we use Hélder inequality for the sum depending on ¢ to obtain

1/p 1/q
(2)sc<Z ) |l<u>\pppﬁ) (Z\\ﬁtl\%qm—w) -

tel’ tel

|
—~
w
~—~—
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Using that each cube ), intersects no more than 12" cubes in {Q}ser, and Lemma
we conclude

(3) < CCO Hl(u)HLp(Q,ppB)HgHLQ(Q,p*%@) < CCO Cl||l<u)||LP(Q,pP5)7

where C' is independent of €, Cj is the estimate in (3.7) and C; is the constant in
(3.4). O

In the following two corollaries we show that the Korn type inequalities considered
in [15, [16] are valid on bounded John domains.

Corollary 3.6. Let 2 C R™ be a bounded John domain, withn > 3, 1 < p < oo and
IT: Wh(Q,R") — ¥ a projection, where X is endowed with the topology of LP(£2, R™).
Then, there is a constant C' such that

v = () [lwre@) < ClIUV) | o),
for all v.e WHP(Q,R").
Proof. Let wy € ¥ be such that
|Dv — DWOHLp(Q) < 2l(i%£0 |Dv — DW”LP(Q)
and fQ v; — wg; = 0 for all 1 <7 < n. Then, by using that II is a projection and the

norms || - |lwie@) or || - ||zr(@) are equivalent over ¥ for being X a finite dimensional
space, we have

v = (V) lwir) < |V = Wollwir@) + [TI(v) = IL(wo) lwir(o)
< C{llv—=wollwir + [[TI(v) — I(wo)| o) }

S CHV — WOHWLP(Q).

Finally, by using Poincaré inequality on 2 (see for example [20]) and Theorem [I.1| with
£ = 0 we conclude

v — (V) |lwir) < Cl|Dv — Dwo||zr ()
< Cl(i%ffo |Dv — DW|| o (0

< Ol ey
0J

Corollary 3.7. Let Q) C R" be a bounded John domain, with n > 3. Then, there is a
constant C' such that

(3.9) IVllwrz@) < C{lIvIizz@ + 1)z}
for all v.e WH(Q,R").

Proof. Let @ be a cube included in 2 and Tl : WH?(Q,R") — X a projection. The
norms || - ||z2(g) and || - ||2(q) are equivalent over 3, thus Il is also a projection from
Wh2(Q,R") to 3. Hence, using Corollary 3.6 over Q and the validity of (3.9) over the
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cube @, we show for any v in W12(Q, R") that

IVilwie@ < [[v —To(V)|[wiz@) + [To(v)|[wr2@)
< C{llW)lr2(0) + Mo(v)ll 2 }
< C{ll) 2@ + [[VIlwr 2@ b
< C{V) 2@ + [VIe2@) + 11V 2@ }
< C{lIvllze@) + V)l 22 }

concluding the proof. 0

To finalize this section we show an example that proves that the generalized Korn
inequality (1.5) might fail if Q is not a John domain. Thus, let us consider the case
p =2, 8 =0 and the cuspidal domain Q C R?® given by

Q= {(z1,79,23) ER® : 0< 21,29 < 1 and 0 < w3 < 73},

with v > 1. Let us assume by contradiction that ([1.5)) holds on €2, thus, following the
ideas in the previous two corollaries, we can conclude that there is a constant C' such
that

(3.10) DV || 22y < C{IIVIIL2@) + 11(V) || 20}

for all v.€ WH2(Q,R?), where @Q is a fixed cube in Q. Now, let us consider the vector
field

V($17x27x3> = (07 _<S + 1).%'333';, l’§+1).

By a straightforward calculation it can be seen that if s satisfies that

max{—w;l) —(7—1)7_@_1} <s< G+l

2
then the left hand side of (3.10)) is infinite while the right one is finite following in a

contradiction.
This kind of counterexamples has been studied in [I] to show that the Korn inequality

(3.11) 1DV][2@) < CLIVI2@ + eVl 2@

fails on certain cuspidal domains of the style of €2. The fact that this counterexample
also works for the generalized version of Korn can also be concluded by observing that

Lo
O)IZ20) = lleWNz2@) = —lldiv viZa@) < le(V)lIz2@)

which implies that (3.10]) fails when (3.11]) does.

Remark 3.8. Notice that the counterexample described above is not sufficient to
conclude that the validity of the weighted generalized Korn inequality implies
that the domain is John. The equivalence between the Korn inequality (in the second
case) and John’s condition is studied in [8, 21], however, the equivalence with the
generalized Korn inequality considered in the main result has not been proved yet.
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4. V-DECOMPOSITION OF FUNCTIONS

The V-decomposition of functions introduced in Lemma is constructed by using
an argument based on a certain partial order on the Whitney cubes {Q;}er.

Let us denote by G = (V| E) a graph with vertices V' and edges E. Graphs in these
notes do not have neither multiple edges nor loops and the number of vertices in V'
is countable. Moreover, each vertex is of finite degree, i.e. only a finite number of
vertices emanate from each vertex. A rooted tree (or simply a tree) is a connected
graph G = (V, E) in which any two vertices are connected by exactly one simple path,
and a root is simply a distinguished vertex a € V. Moreover, if G = (V, E) is a rooted
tree, it is possible to define a partial order “<” in V as follows: s < t if and only if
the unique path connecting ¢ with the root a passes through s. The height or level of
any t € V is the number of vertices in {s € V' : s < ¢ with s # t}. The parent of a
vertex t € V is the vertex s satisfying that s < ¢ and its height is one unit smaller
than the height of . We denote the parent of ¢ by ¢,. It can be seen that each t € V'
different from the root has a unique parent, but several elements in V' could have the
same parent. Note that two vertices are connected by an edge (adjacent vertices) if
one is the parent of the other.

Now, if 2 C R"™ is a bounded domain and {Q;}icr a Whitney decomposition, we
define the connected graph

Gr = (', Er)

where the set of vertices is the set of subindexes I' and two arbitrary s,¢ in I' are
connected by an edge iff Qs and @, are (n — 1)- neighbors.

Definition 4.1. A tree structure of I' is given by a collection of edges £ C Er and a
distinguished vertex a € I" such that the subgraph G = (I', E) of Gr is a rooted tree.

There are different tree structures that can be added to I'. For example, we can
define one such that the path that connects each vertex t with the root a has minimal
length. This kind of paths are not unique thus the tree structure must be defined
inductively, level by level, by choosing a path with minimal length. This example was
considered in [22] where the tree structure added to I is related to the quasi-hyperbolic
distance in ). Specifically, the quasi-hyperbolic distance between (), and @, in €2 is
comparable to the length of the path that connects t with a in T', see [23] for details.

In the following picture, we sketch another example that shows some cubes of a
Whitney decomposition of a circle and how a tree structure looks like.

Definition 4.2. Given a Whitney decomposition {Q}ier of a domain 2 C R™ and a
tree structure of I', we take a collection of open pairwise disjoint cubes {B;}iz, with
sides parallel to the axis such that B, C ©Q, N, and [Q| < C,| By for all ¢ € T', where
{Q }1er are extended Whitney cubes associated to {Q;}ier. This collection of cubes
exists by following the properties for Whitney cubes described in Section[2l Thus, using
the tree structure of ', we define the Hardy type operator T for functions in L'(Q) by:

(1 Ty = 3 4 [

a#tel

where x;(x) is the characteristic function of By, for all t # a, and W; = U Q.

st
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FiGURE 1. Some Whitney cubes ); of a circle and a tree structure

We refer to Wy by the shadow of €. This is a fairly known name and it follows the
assumption that light travels from €2, to the different cubes €2, along the unique path
that connects them. This geometric interpretation was taken from [24], page 81, in
the context of quasi-hyperbolic geodesics and chains of Whitney cubes with minimal
number of cubes.

The following lemma, shown in the companion article [5], describes the geometry of
John domains in terms of Whitney decompositions and trees. The articles [25] and [26]
were fundamental in the proof of this lemma.

Lemma 4.3. Given a bounded John domain 2 and a Whitney decomposition {Q4}er,
there exists a constant K > 1 and a tree structure of I', with root “a”, that satisfies

(42) Qs g KQta
for any s,t € I' with s = t. In other words, the shadow of Q; is contained in KQ;.

From now on 2 C R" is a bounded John domain, {€; },cr is the collection of extended
Whitney cubes defined in Section 2| and I' has a tree structure with the geometric
property introduced in Lemma . The following lemma is proved in [5].

Lemma 4.4. Let Q2 C R" be a bounded John domain, 5 > 0 and 1 < q < oo. Then,
the operator T defined in is continuous from L4(Q2, p~9%) to itself, where p is the
distance to the boundary of Q2. Moreover, its norm is bounded by

|7z < CKP,

where L denotes L(§), p~9%). The constant C in the previous inequality is independent
of Q and K is the constant introduced in ({{.9).

Now, we are ready to construct the V-decomposition.

Lemma 4.5. Let Q@ C R"™ be a bounded John domain and {Q}er a collection of
extended Whitney cubes. Gwen g € L'(Q,R™™) such that [,§:¢ =0, forall g €V,
and supp(g) N Qs # O only for a finite number of s € T, there exists a collection of
functions {G; beer in L' (Q, R™™) with the following properties:
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(1) g =2 scr Gt
( ) Sumo( 1) C
3) fo, 0t ¢ O forall(pGV
Moreover, lettel'. Ifx € By, where s =1 or s, = t, we have the following pointwise
estimate

(4.3) 13elloc (@) < ll7lloo (@) + Co K" T g]11 (),

where K is the geometric constant introduced in and C, is a constant that depends
only on n. Otherwise, if x & \J,ep Bs or © € By, where s #t and s, # t, then

(4.4) 1ello0(2) < [13]loo (@)

Finally, g = 0 for allt € I'\ T'y, where L'y is the subtree of I' with a finite number of
vertices given by

Ij:={sel : thereisk = s with supp(g) N # 0}.

Proof. Let us define a base of the vector space V. For the constant skew-symmetric
matrices we consider

1 i (7, 5) = (i,))
(Ei)vy =q —1 i (@5) = (1)
0 otherwise

where 1 < i < 7 < n. It can be seen that the dimension of V equals ng + n, where
ng := "(”71 +1. Let us take the following basis {Ay, -+, Ap,, Hi(x), -+, Hy(2)} of V,

where the first =~ 2 ) elements are the matrices with constant coefficients E;j, following
an arbitrary order, and A,,, = I is the identity matrix. The matrices H;(x) have been
previously defined in (3.3).

Now, let {¢;}ier be a partition of the unity subordinate to {Q;}er. Namely, a
collection of smooth functions such that ), .. ¢, =1, 0 < ¢, < 1 and supp(¢y) C €.

Thus, § can be cut-off into g = >, f: by taking f,(x) = ¢(x)j(z). Note that f, =0
except for a finite number of ¢ € I". This decomposition satisfies (1) and (2) in the
statement of the lemma but not necessarily (3). Thus, we make some modifications
to obtain the orthogonality with respect to V. We construct the decomposition in two
steps. We deal first with the orthogonality with respect to the matrices with constant
coefficients {Ay, -+, An,} and later with respect to {H;(x),--- , H,(z)}.

First step: The decomposition in this first step is denoted with the upper index (0).
Thus, we define the functions A;s(z) as a sort of normalization of A; with respect to
a certain inner product over Bi:

s Az . .
A, s(x) ::% if1<i<ng—1
XS(x)Ano XS(f)]
A, s(x) = = ,
w2 = TR = B,

where y;(z) is the characteristic function of B,. Indeed, notice that [ A4; () : A;dx =
9;; for all s € I'\ {a} and 1 <14, j < ng, where 0, ; is the Kronecker delta.
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Thus, we define the collection of functions {gt(o)}ter from © to R™*" by

(4.5) (@) = i)+ | Y 2@ | - A% (@),

where

(4.6) hO(x) =" ( / A2 frly) dy) A (z)
=1 s k>s

The sum in (4.5)) is indexed over every s € I' such that ¢ is the parent of s. In the
particular case when t is the root of I, | means

70 () + ) Al

s:8p=a

Notice that the functions 2" in 1} are well-defined because of the integrability of
g. Indeed,

A > iy dy

k>s

< |4l / IS Fulh(y

k>s

< / 1111 (») dy.

£

See definitions of ||g|| (y), for 1 < r < oo, in Section 2] Moreover, it can be easily

observed that fs, h ) and gS O are identically zero for all s € I' \ I';. For this reason
the sums indexed over subsets of I', for instance k > s, that appear in the first step
are finite. The finiteness of these sums is also verified in the second step.

We know that

supp(h{") C B,

and the coefficients of 7" (x) are estimated in the following way:

(@) [ gl dy = @)l @)
for all = € 2. Thus, using (4.2)), if z € B where s =t or s, =t then
~(0 - § -
138 oo () < ldilloo () + S TGl ()
< glloe (@) + K" T gl ().
B, or x € By with s #t and s, # ¢ then

15| (2) < [19lloc ()

Let us continue by showing that g(z) = > ,r §§0) () for all x. Given x € €, let
suppose that « ¢ | J B;. Then §§0)(x) = gi(x) for all t € T, then

S i @) =Y glz) =3

tel’ tel’

(4.7) 128 oo () <

(4.8)

Otherwise, if ¢ |J

sel
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Otherwise, if = belongs to By, for ky € T it follows that g§°)(x) = gi(z) for all t # ky,
t # ko, (Ko, is the parent of ky). Moreover, by using that the cubes B, are pairwise
disjoint we have

30(@) = iy (x) — B ()
o () = Gro, () + Bl ().

Then, >, r gt(o)(x) = g(x) for all x.

Next, let us prove (2) in the statement of the lemma. The parent of each s in the
sum in is t, then B, C Q, N €. Thus, supp(gt(o)) C Q.

Now, let us show property (3), which refers to the orthogonality of QEO) with respect
to the matrices Ay, .-+, A, for all t € I'. Observe that k£ = t if and only if k£ > s, with
sp=1t,or k=t. Thus, given 1 < j <ny

/7%50)(55) P Ajdr = /Aj > fely) dy

kot

:/Aj:ft(y)dy + ) /AjIka<y)dy
s:sp=t k>=s

= [k + X [100): 4 dn

Then, [ §”(z): A;dz =0, for all t # a.
Finally,

[a0@: A= [ aae+ 3[40 Y Gy

s:sp=a k>s

= /Aj : ka(y) dy

k>a

:/Ajzg(x)dxzo.

Second step: In this step the decomposition is denoted with the upper index (1).
Now, we repeat the process used in the first step replacing the collection { ft}tep by
{gt(o)}tep and the matrices Ay, -+, A,, by Hi(x), -+, Hy(x).

Given a cube By in Definition [1.2] with s € T'\ {a}, and 1 <i < n we define

- o HZ(ZE — Cs)Xs(x)
0is(x) = fBS Hi(z—cs): Hi(z — ¢5)d2’

where ¢, is the center of the cube B,. Using the symmetries of the cubes By which have
sides parallel to the axis, it follows that [0, ;(z) : H;(z)dz = 6, ; for all s € T'\ {a}
and 1 < 4,7 < n. Moreover, notice that f@sz(x) tAj(z)dr =0 for all 1 <i <n and
1 < j < ng. This property is basic to preserve the orthogonality obtained in the first
step.
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We define the decomposition of g in the following way:

(4.9) gi() =g @) + | Y AV() | - b (@),
where
(4.10) PO =3 ( )80 dy) fi(e).

In the particular case when ¢t = a, (4.9) means

da(z) == §0)+ Y h(x

s:8p=a

As before, §§0) and A" are identically zero if s € I'\T'; implying that g, is identically

zero if s e '\ T'.
In order to prove , notice that supp(h( )) C B, and supp(h(l)) C B,. Thus, from

and , it follows that §,(z) = f,(z) for all z ¢ User Bs or € B, with s # ¢

and sp # t. Then is proved.
Estimate (4.3)) requires more work. Let us start by showing a pointwise estimate of

Hizgl)Hl(:z:) by the Hardy type operator T" on ||g||1(z). First, notice that

6 6
eszoo >~ = )
eilele) < o = 1

where [ is the side length of the cube Bs. Next, using the orthogonality of the collection
{fl;(co)} with respect to Ay, -+, A,,, we can conclude that

Hiy): Y g dy—/ Hi(y—c): > gy
Ws k>s k>s

Thus, by replacing this new integral in definition (4.10) and using that || H;||o(y—cs) <
diam(W) for all y € Wy, we have

1A <2||e“||m ) [ =)l 1 60 W)l

k>s

H —
er\ oy = e 33

k>s

diam (W, (0
<Z6 ; |B|/S||Z e

diam(Wy)
— ol [ 1306 1) a = ()
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Now, it can be seen by using (4.5 and certain telescopic cancelations of the functions
71,(3) that

S =X (A X ) i) - (S -

k>s k>s k. k;:k k>s

Thus, from (4.7)) it follows
diam (W)
1) =on XD [ S G il

k>s
diam (W) =
< g S (%) ,B|/ 1Sl (@) + 1RO () dy
S Ws ks

< on P [ it + 5t ([ alhe)ac) ay

n?\ diam(Wy) |[W| xs()
=6n(l1+— g d
() T, e

diam(W,) [W,| .
T .
R T )

—-C,

Hence, using (4.2)),
(4.11) 1A | (2) < CuK™ T g1 ().

Finally, we have already mentioned that the functions A and BE” defined in |) are
supported, respectively, in the pairwise disjoint sets B, and B;. Thus, combining (4.8))
and (4.11]), we have that for any = € By, where s =t or s, = t,

13elloo () < 13 loo (@) + 1B oo ()
< 19llse(@) + K" T3l (2) + Ca ™ T |31 (),

proving (4.3)).

Properties (1), (2), and (3) in the statement of this lemma follows by using the
construction of the partition. Indeed, the first two properties follow by replacing g, by

9 and @t(o) by gfl) in the first step.
The third property follows from the facts that [ A . A; = 0 for all s € T" and
1 <4 < ng, so we do not modify the orthogonality obtained in the previous step, and

/Hj(m) A (z dx—/H )(x)dx.
k>s
The rest of the proof follows by mimicking the first step. OJ
Proof of Lemma[3.J As 8 > 0 and Q is bounded, L4(Q,R™" p=9F) C L}(Q,R™").

Thus, having just proved Lemma we only need to show inequality (3.7). Hence,

from (4.3) and (4.4), and the continuity of the operator 7" stated in Lemma we
have
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S 5t = 3 | ) ) da

tel’ tel’

= xS [ (3o + (T3 )) o7 @) da

tel

=0Kmﬂ(mngwwﬁ4ﬂmumgpm)
= OKq (nt1+5) HN”Lq (Q,p~ qﬂ)

where C' is independent of 2. O

ACKNOWLEDGEMENTS

The author thanks Marta Lewicka from University of Pittsburgh for bringing to his
attention the version of the Korn inequality studied in this work. He is also grate-
ful to the anonymous referees for carefully reading the paper and making valuable
suggestions.

REFERENCES

[1] G. AcosTa, R. DURAN, AND F. LOPEzZ GARCIiA, Korn inequality and divergence operator: coun-

terezamples and optimality of weighted estimates, Proc. Amer. Math. Soc. 141 (1) (2013), 217-232.

[2] N. WECK, Local compactness for linear elasticity in irregular domains, Math. Methods Appl. Sci.
7 (2) (1994), 107-113.

[3] G. AcosTa, R. DURAN, AND M. A. MUSCHIETTI, Solutions of the divergence operator on John
domains, Adv. Math. 206 (2) (2006), 373-401.

[4] L. DIENING, M. RUZICKA, AND K. SCHUMACHER, A decomposition technique for John domains,
Ann. Acad. Sci. Fenn. Math. 35 (2010), 87-114.

[6] F. LOPEZ-GARCiA, Weighted Korn inequality on John domains, Studia Math. 241 (2018), 17-39.

[6] F. JonN, Rotation and strain, Comm. Pure Appl. Math. 14 (1961), 391-413.

[7] O. MARTIO, AND J. SARVAS, Injectivity theorems in plane and space, Ann. Acad. Sci. Fenn. Ser.
A T Math. 4 (1979), 383-401.

[8] R. JiaNG, A. KAURANEN, Korn’s inequality and John domains, Calc. Var. Partial Differential
Equations 56 (4) (2017), Art. 109, 18 pp.

[9] S. BUCKLEY, AND P. KOSKELA, Sobolev-Poincaré implies John, Math. Res. Lett. 2 (5) (1995),
577-593.

[10] B. DyDA, L. THNATSYEVA, AND A. V. VAHAKANGAS, On improved fractional Sobolev-Poincaré
inequalities, Ark. Mat. 54 (2) (2016), 437-454.

[11] D. FARACO, AND X. ZHONG, Geometric rigidity of conformal matrices, Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5) 4 (2005), 557-585.

[12] M. FucHs, AND O. SCHIRRA, An application of a new coercive inequality to variational problems
studied in general relativity and in Cosserat elasticity giving the smoothness of minimizers, Arch.
Math. (Basel) 93 (6) (2009), 587-596.

[13] O. SCHIRRA, New Korn-type inequalities and regularity of solutions to linear elliptic systems and
anisotropic variational problems involving the trace-free part of the symmetric gradient, Calc. Var.
Partial Differential Equations 43 (2012), 147-172.

[14] D. BrEIT, A. CIANCHI, AND L. DIENING, Trace-free Korn inequalities in Orlicz spaces, STAM
J. Math. Anal. 49 (4) (2017), 2496-2526.

[15] Yu. G. RESHETNYAK, Estimates for certain differential operators with finite-dimensional kernel,
Sibirsk. Mat. Z. 11 (1970), 414-428.

[16] S. DAIN, Generalized Korn’s inequality and conformal Killing vectors, Calc. Var. Partial Differ-
ential Equations 25 (4) (2006), 535-540.



20 F. LOPEZ-GARCIA

[17] R. DURAN, AND F. LOPEZ GARciA, Solutions of the divergence and analysis of the Stokes
equations in planar Holder-a domains, Math. Models Methods Appl. Sci. 20 (1) (2010), 95-120.
[18] H. AiMAR, M. CARENA, R. DURAN, AND M. ToscHI, Powers of distances to lower dimensional
sets as Muckenhoupt weights, Acta Math. Hungar. 143 (1) (2014), 119-137.
[19] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ.
Press, 1970.
[20] O. MARTIO, John domains, bi-Lipschitz balls and Poincaré inequality, Rev. Roumaine Math.
Pures Appl. 33 (1988), 107-112.
[21] M. R. JIANG, AND R. J. JIANG, A note on weighted Korn inequality, Acta Mathematica Sinica
34 (4) (2018), 691-698.
[22] F. LOPEZ GARCIA, A decomposition technique for integrable functions with applications to the
divergence problem, J. Math. Anal. Appl. 418 (2014), 79-99.
[23] R. HURRI-SYRJANEN, An improved Poincaré inequality, Proc. Amer. Math. Soc. 120 (1994),
213-222.
[24] W. SMITH, AND D. STEGENGA, Hdlder domains and Poincaré domains, Trans. Amer. Math.
Soc. 319 (1990), 67-100.
[25] S. BuckLEY, P. KOSKELA, AND G. Lu, Boman equals John, Proceedings of the 16th Rolf
Nevanlinna Colloquium (1995), 91-99.
[26] A. A. VASILEVA, Widths of weighted Sobolev classes on a John domain, Proc. Steklov Inst.
Math. 280 (2013), 91-119.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA RIVERSIDE, 900 UNIVERSITY
AVE. RIVERSIDE (92521), CA, USA.

CURRENT ADDRESS: DEPARTMENT OF MATHEMATICS AND STATISTICS, CALIFORNIA STATE
PoLyTECHNIC UNIVERSITY POMONA, 3801 WEST TEMPLE AVENUE, PoMONA, CA (91768), USA.
E-mail address: fal@cpp.edu



	
	1. Introduction
	2. Notation
	3. Proof of the main result
	4. V-decomposition of functions
	Acknowledgements
	References

