A DECOMPOSITION TECHNIQUE FOR INTEGRABLE FUNCTIONS
WITH APPLICATIONS TO THE DIVERGENCE PROBLEM

FERNANDO LOPEZ GARCIA

ABSTRACT. Let Q C R™ be a bounded domain that can be written as Q = (J, Q;, where
{Q¢}ter is a countable collection of domains with certain properties. In this work, we develop
a technique to decompose a function f € L*(Q), with vanishing mean value, into the sum of
a collection of functions {f; — ft}ter‘ subordinated to {Q:}ter such that Supp (f: — ft) c O
and f ft — ft = 0. As an application, we use this decomposition to prove the existence of
a solution in weighted Sobolev spaces of the divergence problem divu = f and the well-
posedness of the Stokes equations on Holder-a domains and some other domains with an
external cusp arbitrarily narrow. We also consider arbitrary bounded domains. The weights
used in each case depend on the type of domain.

1. INTRODUCTION

In this paper we show a kind of atomic decomposition for an integral function f € L'(£2)
if 0 is a bounded domain which can be written as the union of a countable collection of
domains {2 }ser with certain properties. This result is based on a decomposition developed
by Bogovskii in [5], where I' is finite. The goal of this result is to write a function f with
[ f =0 as the sum of a collection of functions {f; — fi}eer such that Supp{fi — f;} €
and fﬂt ft — ft = 0. As Bogovskii did in his paper we use this decomposition to study the
existence of solutions of the divergence problem, and posteriorly the well-posedness of the
Stokes equations.

Let us introduce the divergence problem for a bounded domain 2 C R™. Given f € LP(2),
with vanishing mean value and 1 < p < oo, the divergence problem deals with the existence
of a solution u in the Sobolev space VVO1 P(Q)" of divu = f satisfying

1Dull ) < Callfllze @) (1.1)

where Du is the differential matrix of u. This problem has been widely studied and it
has many applications, for example, in the particular case p = 2, it is fundamental for the
variational analysis of the Stokes equations (see [I3]). It is also well known for its relation
with some inequalities such as Korn and Sobolev Poincaré.

Consequently, several methods have been developed to prove the existence of a solution
of divu = f satisfying under different assumptions on the domain (see for example [3],
@, B, 6], [, [18)).

On the other hand, this result fails if {2 has an external cusp or arbitrarily narrow “cor-
ridors”, see for example [2] and [12]. However, the existence of solutions of the divergence
problem holds in some of these irregular domains if we consider weighted Sobolev spaces with
an estimate weaker than . A similar analysis can be done for its related results. Since
the non-existence of standard solutions arises because of the bad behavior of the boundary, it
seems natural to work with weights involving the distance to the boundary of §2 or a subset
of it. The following are some papers considering the divergence problem or related results in
weighted Sobolev spaces [1], [6], [8], [9] and [19].

2010 Mathematics Subject Classification. Primary: 26D10 ; Secondary 35F05, 35Q30.
Key words and phrases. Decomposition, divergence problem, Stokes equations, bad domains, Holder-a
domains, cuspidal domains, weighted Sobolev spaces.
1



2

Another point of interest is the characterization of the domains where there exists a stan-
dard solution of the divergence equation. This problem has been completely solved if €2 is
a bounded planar simply connected domain where it was proved that there exists a solution
u € VVO1 P(Q)2 of divu = f satisfying if and only if Q is a John domain. The case
1 < p < 2 was published in [3] while 2 < p < co was recently shown in [I4].

As we mentioned before there are many different approaches to this problem. In the present
paper, as it was done in [6] and [10], we use a decomposition of the function f in divu = f
to generalize results valid on simple domains, such as rectangles or star-shaped domains, to
more general cases.

The paper is organized in the following way: In Section [2| we include some notations and
preliminary results. In Section [3, we show the main result of this paper, a decomposition
technique for integrable functions defined over a bounded domain €2 which is written as the
union of a collection of subdomains {€;};cr with some properties. The set I' is required
to have a certain partial order structure. In the following sections we include three different
applications of the decomposition developed in Section[3] These sections can be independently
read. In section 4] we show the existence of a weighted right inverse of the divergence operator
on arbitrary bounded domains. In Sections [5] and [6] we prove the existence of a solution of
the divergence problem and the well-posedness of the Stokes equations on some domains with
an external cusp arbitrarily narrow and on bounded Hoélder-a domains in R™. The weights
in these two final sections are more specific than the one used in Section 4l More precisely,
the weights are related to the distance to the cusp and to the distance to the boundary of
the domain respectively.

2. PRELIMINARIES AND NOTATIONS

Let 2 C R™ be a bounded domain. Given a measurable positive function w :  — R~ we
denote with LP(Q,w) the weighted space with norm

1 fllzr (@) = [[fwllLr @),
and with VVO1 P(Q,w) the weighted Sobolev space defined as the closure of C§°(£2) with norm
ey oy = 1Dl (20

where Du is the differential matrix of w. Observe that the seminorm ||Dul| is a norm in the
trace zero space.

We say that €2 satisfies (div),, for 1 < p < oo, with constant Cq if for any f € LE(Q) =
{g € LP(2) : g has vanishing mean value } there is a solution u € Wol’p(ﬂ)” of divu = f
satisfying . We also use C4 to denote a constant depending on A, where A is not
necessarily a domain.

In the next lemma we compare Cq with C, where () is a domain obtained by applying an
affine function to a domain €2 satisfying (div)p. This result is standard and the proof uses the
Piola transform. Before stating with the lemma and given an invertible matrix B € R™*" let
us recall the conjugate operator Tg : R"*™ — R"*" defined by Tg(A) = BAB~!. Moreover,
let us consider its norm _

HTBH .= sup H B( )Hp

azo Al

» 1/p

where [| A, = (Z1§i,j§n | Ai ;] ) .
Lemma 2.1. Let Q) C R™ be a domain satisfying (div )p and F : R" — R" an affine function
defined by F (&) = BZ + b, where B € R™™ is an invertible matriz and b € R™. Then,

Q = F(Q) satisfies (div), with a constant Co bounded by
Cq < ||TB|Cq-
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In particular, Cq = C¢, if B = A, where I is the identity matriz and X # 0 is a real number.

Proof. In order to simplify the notation we assume thatA all the vectors are in R™!. Given
[ € LE(Q), the function §(£) = f(F(&)) belongs to LE(£2). Thus, we define the vector field
u(z) ;== Bv(F~!(x)), where ¥ € Wy P(Q)" is a solution of div¥ = §, with

¥ty < Calldll o

, and as the

It can be seen that the differential matrix of u is Du(z) = B DV(F~(x ) )B~!
!(z)) = f(x). On

trace is invariant under conjugation we can assert that divu(z) = divv(F
the other hand, using change of variables it can be seen that

1Dul| zp (o)

IN

1T det(B) /7| DV g
1T det(B) /2 C 13l gy = T8 1C0 | Fllo -

IN

O

As we mentioned before an important application of the existence of a right inverse of the
divergence operator is the well-posedness of the Stokes equations, given by:

—Au+Vp =g in(Q
divu =h inQ (2.2)
u =0 on 0.
For a bounded Lipschitz domain 2 C R" (or more generally a John domain [3]), it is known
that, if g € H~1(Q)", the dual space of H}(Q)", and h € L?*(Q) with vanishing mean value,

there exists a unique variational solution (u,p) in H}(2)" x L%(Q). Moreover, this solution
satisfies the a priori estimate:

1Dl 2) + IPllz2) < C (lgllz-1@) + 17l @) »
where the constant C' depends only on € .

On the other hand, it is known that this result fails in general for domains with external
cusps. However, it was proved in [9] that the well-posedness of the incompressible Stokes
equations (h = 0 in ) is valid in weighted Sobolev spaces for an arbitrary bounded
domain 2 if there exists a standard solution of divu = f, where f is in a weighted Sobolev
spaces. This result is stated bellow.

Theorem. Let w € LY(Q) be a positive function. Assume that for any f € LZ(Q,w_l/Q),
with vanishing mean value, there exists u € H&(Q)” such that diva = f and

||DUHL2 < O fll e (Qw=1/2)>
with a constant C depending only on Q and w. Then, for any g € H-Y(Q)", there exists a
unique (ua,p) € H} ()" x L2(Q,w'/?), with Jopw = 0, incompressible solution of the Stokes
problem . Moreover,
[ Dul|z2) + 1Pl 200172y < Cllgllz-1(0),

where C depends only on 0 and w.

3. A DECOMPOSITION TECHNIQUE FOR INTEGRABLE FUNCTIONS

We start this section with an example of Bogovskii’s decomposition when 2 is a domain
written as the union of a collection of subdomains {€2; }o<i<2. We present the example using
our notation. Let f € LP(Q) be a function with vanishing mean value. Thus, using a partition
of the unity {¢; }o<i<2 subordinated to {€;}o<i<2 we can write f as:

f=fot+fit+tfo=foo+ for+ foo.



Now,

— XB2 o XB2
f=fo+ <f1+ Byl Q2f2> + (f? Byl sz2),

fa—fa
where By = Q5N €. Note that the function fo — fg has its support in 9 and f fo— fg =0.

Finally, we repeat the process with the first two functions. Thus, if By = 1 N Qg we have
that

fo—fo
I = <fo+XB1 f1+f2> (3.3)

|B1| Q1UQ2

X B2 XB1 X By
+ |+ fa— f1+f2)+<f2— f2>,
< ’BQ, Qo |B1’ Q1UQs ‘BQ‘ Qo

fi-fi Ja—f2
obtaining the claimed decomposition. Note that we have used the vanishing mean value
of f only to prove that fo — fo integrates zero. If we do not assume any other thing but
integrability, we have that [ fi — fi=0ifi#0and [ fo — fo= [ f.

In this work we extend the decomposition shown in (3.3|) when €2 is the union of a collection
of subdomains {€ };cr, where I is a partial ordered countable set instead of a totally ordered
finite set. In fact, I" is a rooted tree and the partial order is inherited from the graph structure.

Let us recall some definitions. A rooted tree is a connected graph in which any two
vertices are connected by exactly one simple path, and a root is simply a distinguished
vertex a € I'. For these graphs it is possible to define a partial order < as s <t if and only
if the unique path connecting ¢ with the root a passes through s. Moreover, the height or
level of any ¢ € T' is the number of vertices in {s € ' : s <t with s # t}. The parent of a
vertex t € I' is the vertex s satisfying that s < ¢t and its height is one unit smaller than the
height of . We denote the parent of ¢ by ¢,. It can be seen that each ¢t € I' different from
the root has a unique parent, but several elements on I' could have the same parent.

3.1. A “tree” of domains. Our decomposition for functions in L'(2) is subordinated to a
given decomposition of 2, which has to satisfy the properties stated below. Thus, let {4 }4er
be a countable collection of subdomains of 2, where I' is a tree with root a, that satisfies the
following properties:

(a) xa(x) < Z xa.(z) < Nxa(x), for almost every = € €.
tel’
(b) For any t € I different from the root there exists a set B; C {; N €2, with no trivial

Lebesgue measure. In addition, the collection {B;};+, is pairwise disjoint.

Finally, given ¢t € I', we define W, = U (s and we denote the characteristic function of By
st

by xi, if t # a.

3.2. A decomposition on a “tree” of domains. Let {¢;}icr be a partition of the unity
subordinated to {Q}¢er. Thus, f can be decomposed into f = >, fi, where f; = f¢;, and

Z ||ftHLp (Q) = NHfHZZp(Q)
tel’
Thus, similarly to , we define f; for t € T as

fi(z) == |Bt Zf -

Wi k=t s:sp=t

vl [ Y (3.4

Wi k>s
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where the second sum is indexed over all the s € I" such that ¢ is the parent of s. In the
particular case when ¢ is the root of I', formula 1 means

e == 5 457 [ S

sisp=a s ks

In the next theorem we prove that f can be written as ), f; — ft, and some properties
of this decomposition, but before that let us define an important operator and show its
continuity. Let T": LP(2) — LP(2) be the operator defined by

_ xi(z)
s = 3 S /it (35

Lemma 3.1. The operator T : LP(Q2) — LP(QQ) defined in is weak (1,1) continuous and
strong (p,p) continuous for 1 < p < oo with

N 1/p
T\ Los e < 2 (p) :
p—1

Proof. We prove first that T is strong (oo, c0) continuous and weak (1,1) continuous. Then,
using an interpolation theorem, we extend the result to all 1 < p < oc.

T is an average of f when it is not zero, thus by a straightforward calculation, it can be
proved that T is continuous from L* to L°°, with norm ||T||fec—p~ < 1. In order to prove
the weak (1,1) continuity, and given A > 0, we define the subset of minimal vertices 'y C T’
as

1
Toi=qtel:
e

Thus,

|f| < A for all s <Xt different from t} .
|W| W

e eQ:Tf(x)>A < Y |Wi

tGFo

3 MUES IR

tGFo

where N was defined in (a) on page [4| and it controls the overlapping of the collection {€2;}.
Thus, T is weak (1,1) continuous with norm lesser than or equal to N.
Finally, using Marcinkiewicz interpolation (see Theorem 2.4 on [7]) T is strong (p,p) con-

pN 1/p
tinuous, and its norm is lesser than 2 <1> . O
p [e—

Now, we define the weight w : 2 — R, by

| By

— ifx € B, forsometel',t+#a
W ! #

w(z) = (3.6)

1 otherwise.

Let us observe that the collection {By}icr is pairwise disjoint, thus the weight is well
defined. Moreover, 0 < w(z) <1 for all z € Q.

Theorem 3.1 (Decomposition technique). Let Q C R™ be a bounded domain for which there
exists a decomposition {Q }ser that fulfills (a) and (b). Given f € L'(), and 1 < p < oo, the
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decomposition f =, .p fi—f: defined on satisfies that Supp(fi—fi) € Q, th fi=fr=0
for allt # a, anfa—fazfo; and

Z Hft - Jgt”lzp(ghw) < CleH’ip(Q), (3-7)

tel
+1
where C1 = 2PN <1 + 2 p).
p—1
In addition, if &1,@2 @ Q — Rsg are two weights satisfying that LP(2,&9) C LY(2), and
the identity operator I and T are continuous from LP(Q, &) to LP (2, 1) with norms My and
My, the decomposition mentioned above also satisfies the following estimate

Do lFe = Fil i) < Col I am (3.8)
tel’
where Cy = 2P(NMP + 2M7T).
Proof. Observe that B and all the B, on the identity (3.4)) are included in £, thus it follows
that Supp(fi — fr) C Q.
Let us remark that fi(z) # 0 only if = belongs to By for some s € I' — {a} with ¢t = s or
t = sp. Moreover, given x in By it follows that fs(x) + fs, (I) = 0, concluding that

th(ﬂf)—ft(l’) :th th z) + 0.

tel tel’ tel’

On the other hand, in order to prove the vanishing mean value of f; — f;, with ¢ # a,

/ft /ka—z/ S fi= Z/fk—Z/fk—/ft,

Wi k>t s:8p=t Ws k>s k>t k>t
kZt

obtaining that fQ ft — fr = 0. The case t = a follows from
/ fa—fa—/ for X [ Sn= [ fe X [ 5=
s sp=a Ws k>s k#a
Let us continue with the proof of (3.8 . Thus,

Dol Fil ey S 2Dl e + 27D el oy oy = ) + UL,

ter ter ter
Using that 0 < ¢;, w < 1 and the overlapping of the collection €; is not bigger than N, it
follows that
(1) < PN < ZNME 100
On the other hand, using that the collection { B}, is pairwise disjoint, it can be observed
for any t # a that

(1@ lw(@)ir (@)

IA

p
| By| /th " Z_t | Bs| /ws 1) )

p

- rv(vt| /t|f| 2w o /Wslf! on (z)P

s:8p=t

= (Ot L) S O ) |

s:sp=t




The case t = a is analogous. Hence,

S [ (Fel@anw)” < 2 [ 3

tel’

Finally,
(ar) < 2% [ E@n @) < 2HMI g,

ending the proof of (3.8).
Using the continuity of T' proved in Lemma it can be seen that (3.7) follows from

(3-8 O

3.3. An application: Divergence problem. In this subsection, we apply Theorem
to show the existence of a weighted solution of the divergence problem on some bounded
domains @ C R™. In fact, this result can be applied if there exists a collection {€;}icr of
subdomains of  verifying (a) and (b) in Subsection and the additional four conditions
stated bellow:

(c) For any point = € ) there exists an open set U containing = such that U Ny # () for
a finite number of ,’s (this finite number does not need to be bounded by N).
(d) There exists a weight w : Q@ — R+ such that

esssupw(z) < M essinf w(x),
z€Q; x€eQy
for all t € T', where w is the weight defined in (3.6)) and M; is independent of ¢.

In the next two conditions @ : Q — Ry is a weight such that LP(Q,&) C L'(Q), with
1 <p<oo.

(e) Given g € LP(},®), with vanishing mean value, there exists a solution v € W§ (€, o)™
of divv = g with
1DV zr(0,0) < Mallgllir o)
for all t € I", where the positive constant My does not depend on t.
(f) The operator T" defined in (3.5 is continuous from LP(Q,®) to itself with norm Mry.
An example of a collection of subdomains verifying (e) could be {;}ier such that the
constant Cg, is uniformly bounded (for example, cubes) and the weight @ satisfies that
esssupw(z) < Cessinf w(x),
€N S

where C' is independent of ¢.
Condition (f) is used to include the weight @ in both sides of inequality (3.9). The case
when @ = 1 was proved in general in Lemma [3.1]

Theorem 3.2. Let  C R™ be a bounded domain, w,w : Q — Rsg two weights, with
LP(Q,@) € LYQ), for 1 < p < oo, and finally a collection {Q4}er of subdomains of Q
verifying conditions from (a) to (f) mentioned above. Hence, given f € LE(Q,&) with van-
ishing mean value there exists a solution u € Wol’p(Q,(Dd))” of divua = f such that

[Dullrwe) < Cllfllzr,e), (3.9)
where
C = 2N M, My (N +2ME) /P
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Proof. The collection of subdomains satisfies (a) and (b), and from (f) the weight & makes
the operator T : LP(Q,w) — LP(2,&) continuous. Thus, using Theorem we can decom-
pose the integrable function f as

F=>_f—r

tel
where f; — f; € LP(Qy,&), with vanishing mean value, and

p
S (essinteo@)) U = Filfaaor < S 1= il cy < Coll Mo

ter ter
where Cy = 2P (N + ZMg,’w).

Note that the essential infimum of w over €2 is positive because of (d), then f; — fi
belongs to LP({,w) as we announced. Now, using condition (e) there exists a solution
w € WP(Q, &) of divuy = f; — f;, with

| Dugl| e, o) < Mol ft — fillr o)

where M, is independent of t. Therefore, using requirement (c), the vector field u := ), . w
is a solution of divu = f. Moreover, using (d)

1D sy < N7 DI, g 0 _NprZ(eggggfwm)) 1Dwl, 00
tel’ tell

A

IN

p
Nty 3 (essipto@) 1= filfg, o

tel’
NPMYME2P (N + 2M7) A1 0 0.

IN

proving that u belongs to WP (€, w@)™ and the estimate claimed in the theorem.
Finally, let us prove that u belongs to C§°(Q)". Given e > 0, using that Y, | Du [ (@ o0) <
oo, there exists a finite set I'g C I such that

€
D IDwl g, 00 < N5
tel\TI'g
Now, for t € Ty, we take v¢ € C§° (€)™ such that
-p
g . €
| Duy — thH’zp(Qt@) < N7PM;? <eas:§gt1fw(m)> Py
where m is the cardinal of I'g. Thus, using that each €); is included in € and I'y is finite,
V=) 1, Vt belongs to C§°(€2)" and

[Du — Dvl[7,

(Q,06)
P
< NP Z ||DutH]£p(Qt,@w) + NP MY Z (eszlrtlfw( )> [ Du; — DVtHip(Qt,@) <€
teI'\I'g tely
completing the proof. O

In the next corollary we prove that () satisfies (div)p, with an estimate of the constant Cgq,
if it is possible to decompose §2 by a good enough collection of subdomains {2 }er.
Corollary 3.1. Let Q C R" be a bounded domain for which there exists a decomposition
{Q}ier that fulfills (a), (b), (c) and (e) forw =1 and 1 < p < oo such that w(zx) > ﬁl for
all x € Q. Hence, Q) satisfies (div)p and its constant Cq is bounded by

2p+1 >1/1D

Cq < 2M; My N H1/P (1 +——
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Proof. This result is a consequence of the previous theorem using w = @ = 1 and Lemma

B.1 O

4. DIVERGENCE PROBLEM ON GENERAL DOMAINS

In this section, we show the existence of a solution in a weighted Sobolev space of the diver-
gence problem, divu = f, on an arbitrary bounded domain 2 C R™. The constant involved
in the estimation of the solution is explicit and depends only on n and p. Furthermore, we
use Whitney cubes to decompose the domain {2, and the weight w that we obtain for this
decomposition depends locally on the ratio %, where @ is a Whitney cube and S(Q) is

its shadow (defined in (4.11))). This type of ratios has been studied on some domains, for
instance domains whose quasi-hyperbolic metric satisfies a logarithmic growth condition. See
[17], [15] and [16] for more details.

In [I0], the authors prove a similar result also for arbitrary bounded domains using an
atomic decomposition obtained from a weighted Poincaré inequality, where the weight is
related to the Euclidean geodesic distance in §2.

Let W := {Q¢}ter be a Whitney decomposition, i.e. a family of closed dyadic cubes whose
interiors are pairwise disjoints, which satisfies

(i) 0= Uter Qt,
(i) diam(Qy) < dist(Qy,00) < 4ddiam(Qy),

(i) 1 diam(Qs) < diam(Qy) < 4diam(Qs), when Qs N Qy # 0,
where diam(Q) denotes the diameter of ). Moreover, given a constant ¢ € (0,1/4) which
is arbitrary but will be kept fixed in what follows, ()} denotes the open cube which has the
same center as (Jy but is expanded by the factor 1 + . This collection of expanded cubes
satisfies that

ZXQ? (x) < 12"xq, for all z € R™. (4.10)
tel’

Moreover, Q% intersects @, if and only if Qs touches @Q;. See [20] for details.

Now, let us take a Whitney cube ), which will be distinguished from the rest. Then,
for each @; in W we take a unique chain of cubes Q, = ), Qy,,--- ,Q, = ; connecting
Qo with Q¢, such that for each 1 < ¢ < k the intersection between ¢, and @, , isan —1
dimensional face of one of those cubes. In addition, we assume that k£ is minimal over this
type of chains and, using an inductive argument, that ,, Q4 ,--- , €2y, is the chain taken for
each €, with 1 <i <k.

Observe that using these chains connecting any Q; € W with @), in a unique way it is
possible to define a rooted tree structure over I'. Indeed, we say that two vertices s,s €
I" are connected by an edge if and only if Q); and @y are consecutive cubes in a chain
Qa, Rty ,Qr, = @, for some ;. As it is expected, the root of I' is the index a of the
distinguished cube @),. In addition, a partial order < over I is inherited.

Now, we define the shadow S(Q;) of a cube Q¢ € W as

s@) = (1.11)

Theorem 4.1. Let Q@ C R” be an arbitrary bounded domain, and 1 < p < oco. Given
[ € LE(Q) there exists a vector field u € Wol’p(Q,w)” solution of divu = f with the estimate

[1Dullr@) < Cpullfllr@); (4.12)

where C, ,, depends only on n and p, and @ is defined over the interior of Qs as

_  mm |Qk|
QenQs#0 [S(Qy)]

W :
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The expanded cubes QF use in their definition ¢ := 277,

Proof. Let us observe that @ is defined almost everywhere but it is sufficient in this context.

This result is a consequence of Theorem Let us consider the decomposition {2 }ser
defined by € = Q; with ¢ := 277, Fro, it follows that the overlapping of the
subdomains of this collection is bounded by N = 12".

Now, let us define the collection {B;}qxter. Given ¢ in I'\ {a} and its parent ¢,, the
intersection Q;NQy, is a n—1 dimensional face of one of those. Let us denote by c! the center of
that n—1 dimensional cube and observe that the length of its sides is greater than I, /4, where [,
is the length of the sides of Q;. Thus, if we define the distance do(z,y) := maxi<i<p |r;—y;] it
follows that doo(ct, Qs) > I¢/8 for any s # t,t,. Now, we define B, as an open cube with center
in ¢! and sides with length [ small enough in order to have the cube B; included in Q} NQy;, and
disjoint from Qj for all s # t,¢,. It is known that [;, > I;/4, then taking | = ¢l;/4 it follows
that B, C Q;NQ; . In particular, as e < 1it can be seen that By C Q:UQy,. Hence, using that
Qy intersects Q. if and only if Qs touches Q, we can assert that if QF intersects Q;UQy, then
the common length of the sides of Qs is lesser than 16l;. Thus, doo(Q%, ') > 1;/8 — 161e/2.
Thus, it is sufficient to show that e verifies that /;/8 — 16l,c/2 > €l;/8. Hence, By C Q3 N €Yy,
and B; N Qs = 0 if s # t,t,, obtaining a collection {B;}:., pairwise disjoint. Thus, the
collection {€2; }er of subdomains of €2 verifies conditions (a) and (b) in Subsection

In order to prove condition (c) on page|7, we can see that for any x € € the ball with center
z and radius 3d(z, 0€2) intersects only a finite number of @3’s. Condition (e) is obtained by
observing that @ = 1 and the subdomains in the decomposition are cubes thus the constants
Cq, are equal to each other (see Lemma . Finally, condition (f) has been proved in
Lemma thus it only remains to prove (d).

Now, given t € I" , it can be observed that w(x) # 1 over @ only if = belongs to Bs with
s =t or s, =t. Thus, given x € Q) it follows that

(B 27™[Qy

= £ B
1S(Qu)| — [S(Q)] if v € By
W(vr) = ‘Bs| . 2_9n|QS| 2_11n|Qt‘ ” . - -
1S(Qs)]  1S(Qs)] 2 1S(Q)] if v € By with s, =t
1 otherwise.

Hence, using that € is included in U Qs, it follows that

Qstﬁ’é@
esssupw(z) = max esssupw(z) < @ < 2" essinf w(z),
ey QsNQ:#D TEQs ‘S<Qt)’ S
obtaining condition (e) with M; = 2!, Thus, using Theorem we obtain (4.12)) with
2p+1 1/p
Cpn = 20g2M " 12747/P (1 e f) ,

where Cg is the constant in (|1.1)) for an arbitrary cube Q.
O

5. DIVERGENCE PROBLEM AND STOKES EQUATIONS ON DOMAINS WITH AN EXTERNAL
CUSP

In this section we show the second application of our decomposition to prove the existence
of a weighted solution of divu = f on a class of n dimensional domains with an external cusp
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arbitrarily narrow. Similar domains were studied in [9] where the cusp is defined by a power
function 27, with v > 1.
Given a Lipschitz function ¢ : [0,a] — R that satisfies the properties:
(i) ¢(0) =0, and (r) > 0 if z € (0, al,
(i) ¥'(0) =0, |¢'] < Kq,
(iii) @ < KQ@, forall0 <t <r<a,

we define the following domain with a cusp at the origin:

Q= {(z,y) eRxR" ! : 0<z <aand |yl < p(z)} CR™ (5.13)

The following are three examples of functions which verify (i), (ii) and (iii):
o p(z) =17, with v > 1.
e o(z) = e /7" in (0,a] and ©(0) = 0.
o o(x) = 27(2 +sin(z'=7)) in (0,a], with v > 1, and (0) = 0.

The Lipschitz condition in (ii) keeps 02, from having cusps different from the one at the
origin, and condition (iii) is used to solve a technical issue when £ in Theorem [5.1]is positive.

Let us start introducing a decreasing sequence in the interval (0, a] and some of its proper-
ties. This sequence will be used to define a decomposition of €2,. Thus, we define inductively
a decreasing sequence {x;};>0 in (0, a] with o = a, and z;1; the maximum number in (0, z;)
satisfying that ¢(x) = z; — x. The well definition of this sequence is based on the continuity
of p(z) + z, which satisfies that ¢(0) +0 < x; and ¢(z;) + z; > z;, using that ¢ is continuous
and positive on (0, a], with ¢(0) = 0. In addition, it can be seen that {z;};>0 decreases to 0.
Indeed, if {x;};>0 converges to £ > 0, then

() = lim (ziy1) = lim 2; — ;41 = 0.
71— 00 71— 00

Hence, z = 0.

A
\
\
\
\
\
\
\
\
\
\
~
b >
7
A n A ~
/ / \
/ / \\
/ 7 /
/ / \
/ / 7 \
/ / / \
/ / / \\
/ / /
/ / / \
X3 X2 Xi Xo
A 4

F1cURE 1. A simple example with an increasing ¢

Let us see some properties of this sequence. Taking z;11 < x < z;, we can assert that

Ti+1 S X S (Kl + 1).%1'_,_1 (514)
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and
KLSO(%‘H) < o(z) < (K1 4+ 1)p(xitr). (5.15)
2

The first inequality in (5.14) holds by definition and the second one can be proved by
observing that

o(wit1) — p(0)

< x; = @(Tig1) + Tig1 =
Ti+1 — 0

Tit1l + Tig1-

The second inequality in (5.15)) follows from

[p(z) — p(mit1)] < Ki(z — zip1) < Ki(zi — 2ig1) = Kip(@ig),
and the first one can be proved by

Ti4+1

P(wiy1) < Kop(x) < Kap(z).

Now, we introduce the collection {;}ien, of subdomains of Q, to be used with Theorem
[B:2] Indeed, given i € Ny we define

Qi ={(z,y) € Uy & Tiqo < < 23} (5.16)

Note that in this case I' = Ny where two vertices ¢ and j are connected by an edge if and
only if |i — j| = 1. Moreover, if we take the root a = 0, the partial order < inherited from
this tree structure coincides with the total order < of Nj.

The following theorem is the main result of this section.

Theorem 5.1 (Divergence on cuspidal domains). Let €, C R" be the domain defined in
, l<p<ooand Kk > 0. Giwen f € LP(Q,w™"), with vanishing mean value, there
exists a solution u in Wol’p(Qsp, w!=™)" of diva = f satisfying that

| Dul e, wt—=) < Cllfllry,,mn)s (5.17)
p(z)

where w(x,y) = —=, and C depends only on K1, Ko, p, n and k.
x

Proof. As we mentioned before this theorem is an application of Theorem The collection
of subdomains {€2;};cn, has been defined in , and the weights @, : Q, — Ry are
defined by & := @ and @ := @w™". Observe that {}; is indeed a subdomain of €2,. Moreover,
w < Kj and £ > 0, thus LP(Qy,, @ *) C LY(Q,). Then, it just remains to prove conditions
(a) to (f) on pages {4 and

Just from the definition of the collections of subdomains it can be observed that conditions
(a) and (c) hold, with a constant N = 2. The collection {B;};>1 defined below verifies (b):

B =Q,NQ_1 = {(w,y) € Q@ LT << .’L‘Z}

Now, let us prove (d). The weight w defined in 1D is equal to w(x,y) = Bl ver B;,

(Wil
where

Wi = UQk:{($7y) €y 1 x < i}

Thus, given (x,y) € By, for ¢ > 1, using inequalities ([5.14]) and (5.15)), and (iii), it follows
that

- |BZ| > CKQ’n SD(xH—l) > CK1,K2,nSO(xZ>-

wlr, = = E—
() (Wil = Crym zip(x;)" 1 x;
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Now, given (z,y) € B;11, and using that ‘pgij:l) > K11+1 i?) obtained from (|5.14)) and ([5.15),

we can conclude that

1 Tit1 T
‘ a | CK1,K27 SO( & ) > CKhKQMM‘

wl\T
(@9) = |Wit1] — Tiy1 7

Hence, using (iii) and the previous inequalities,
T .
esssup w(z) < KQM < Ok, Ky essinfw(x).
zEQ; T z€f);

Now, let us prove (f), the continuity of the operator T" and an estimation of its norm. In
order to simplify the notation we denote w(x) instead of w(x,y). The proof uses (iii), the
fact that x > 0, and the continuity of 7" without weight shown in Lemma Indeed,

[ itsear=ri) = X [ e (g [ )

¥ i>1
p
< 2 / w (a Ké’”w%z)(w |g|w—ﬁ)
i>1 ‘ ‘
<

KZ(?@)) ], G =)’
< CZ/ (g f, =)

< Cllgm "o,y = Clallioq, wx)

where C depends only on K1, Ko, p and k.
Finally, it just remains to prove (e). Using (iii), (5.14) and (5.15)), we obtain that

L () _ px) o(;)
(K1+1)2 X; = x SK2TZ

)

—K

for all ;49 < o < x;. Thus, we can assume that @w™" is the constant function with value

—K
<M> over €;. Thus, it is enough to prove (e) when @ = 1. The proof of this case is

Ty

shown in Lemma [5.11 O

The next result follows immediately from Theorem

Theorem 5.2 (Stokes on Cuspidal domains). Given Q, C R" the domain defined in ,
h € L, @), andg € H- (Q )". There exists a unique solution (u,p) € H}(Qy )” X
L2(Qy, @) of (.) with fQ pw? = 0. Moreover,

I1Dul| 20,y + IPl22 (00, < C (&l a-10,) + 12220 0-1) 5
¢(z)

where w(x,y) = —=, and C depends only on Q.
T

Proof By Theorem [5.1] there exists v € H{(Q,)" satisfying that divv = h and the estimate

. Then, Av € H 1(Q,)™. Now, using the Theorem stated on page 3, and Theorem.
we can conclude that there exists a unique solution (v, p) € H}(2,)" x L?(Qy, @) of

—A = Av in Q
{ v+ Vp g+ Av in (5.18)

divv =0 in €,
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with wi pw? =0, and
IDVI2,) + 1Pl 2=y < C (lglla-10,) + 1AV -1(0,))
< C(llglla-1@u + Ifl2p,=)) -

Finally, (u,p) = (v + v, p) is the solution mentioned in the theorem. O

A

Next, we prove a lemma used in the proof of Theorem [5.1

Lemma 5.1. Let €); C R™ be, with i > 0, the domain defined on , and 1 < p < 0.
Then, €); satisfies (dz'v)p and there exists a constant C' depending only on K1, Ks, n, and p
such that

Cq, <C

for all i > 0, where Cq, is the constant in .

Proof. €; is a Lipschitz domain, and it is well known that a domain of this type satisfies
(div),. What this lemma states is the existence of an uniform upper bound of Co,. The idea
of the proof of this result is to show that each €2; can be written as the finite union of certain
star-shaped domains with respect to a ball (for which there exist estimates of the constants)
and then to apply Corollary The number of domains in the union does not depend on 1.

Let us recall the definition of this class of domains. A domain U is star-shaped with
respect to a ball B if and only if any segment with an end-point in U and the other one in
B is contained in U. This class of domains has the following estimate of the constant on the
divergence problem : if R denotes the diameter of U and p the radius of the ball B C U,
the constant Cy is bounded by

n+1
Cu < Chyp (p) : (5.19)

See Lemma II1.3.1 in [13] for details.
Let us show the way to split €2; into the finite union. Without loss of generality, we assume
that K7, K9 > 1. Thus, from (5.14) and (5.15) it follows that

P(i1) < @i — Tigo| < 2Ko2p(Tit1), (5.20)
and
1
m@(l‘iﬂ) < p(x) <2K1 Kop(zit1), (5.21)

if = belongs to [z;12,7;]. Next, we take a natural number m such that m > 16K?K3
(this number m could be arbitrarily big but it is fixed) and the m + 1 equidistant points
ro <ry <---<rm, with ro = z;12 and r,,, = z;. Thus, for 1 < j < m, it follows that

1 1
E@(xiﬂ) <|rj—rjaal < m@(xiﬂ)- (5.22)

Thus, the collection of star-shaped subdomains of ; to be considered is {Uy, - ,Up—1}

where
Uj={(z,y) € Q : rj_1 <z <rjq1},
for 1 < j < m—1. The tree structure of the index set {1, - ,m—1} is the same that we have
defined on Ny, where a = 1 is the root in this case. Moreover, we introduce the collection
{Bj}tacj<m-1 as
Bj = Uj N Uj_l = {(:c,y) e Q,; : ri-1 <z < Tj}.

Thus, let us prove the hypothesis of Corollary Conditions (a), (b) and (c) follow

easily with N = 2. From , and , the measure of any B; and the whole ;

are comparable to ¢(x;41)". Thus, w > ﬁl, where M depends only on Ky, Ko,n and m.
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Finally, we just have to prove (e) for @ = 1. Let us show first that each Uj, for 1 < j <
m — 1, is a star-shaped domain with respect to the ball U; with center (r;,0) and radius
(rj41 —rj—1)/2. Thus, given (x,y) € U, (Z,9) € Uj, and s € (0,1), we have to prove that

lsy + (1 — s)g| < p(sx + (1 — 5)T).

g
~
Xi+2

FIGURE 2. A more general ¢ and the star-shaped domain U;

To simplify the notation we introduce M := ¢(x;41)/2K2K;. Thus,

sy (=8l < s+ (1= 9)¢@) <5 (5 = 1) +4(@)

< —§SM + (p(Z) — p(sz 4+ (1 — 8)%)) + p(sz + (1 — 5)T)

- 4
3
< —ZSM + Ks8| — o + sz + (1 — 5)T)
3 M - -
< —ZSM + Klsﬁ + o(sx + (1 —9)7) < p(sz+ (1 —s)z).
1

Now, using l) and 1} it can be seen that the diameter of U; and the radius of U'j are
comparable to ¢(z;4+1). Thus, using estimate (5.19)), we can conclude that My in (e) can be
taken as a constant just depending on Ki, Ks, n and p. O

6. DIVERGENCE PROBLEM AND STOKES EQUATIONS ON HOLDER DOMAINS

In this section, we show the existence of a right inverse of the divergence operator and the
well-posedness of the Stokes equations on an arbitrary bounded Hoélder-a domain €2, i.e. the
boundary of € is locally the graph of a function that verifies |¢(z) — p(z)] < Kylz — 2'|*,
for all x,z’. Thus, we start this section studying a domain in R" defined by the graph of a
positive Hélder-a function ¢ : (—Tsl, %l)”*l — R, where 0 < @< 1and [ >0,

Qp = {(z,y) € (=1/2,1/2)" ' xR : 0 <y < p(z)} CR" (6.23)
In addition, we assume that ¢ > 2 but ¢ 2 3, and I < 1. Now, € is locally as €1, however
the distance to the boundary of €2 is not necessarily equivalent to the distance to the graph
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of ¢ defined over (—1/2,1/2)"~!. Thus, in order to solve this problem, we assume that  is
locally an expanded version of €2,:

Qo= {(z,y) € (—=31/2,31/2)" P xR : y < p(z)} C R™ (6.24)

With this new approach of the problem, the distance to 9€ is equivalent to the distance to
G over (), where

G :={(z,y) € (=31/2,31/2)" 1 xR : y = p(x)}. (6.25)
Let us denote the distance to G as dg.

Lemma 6.1. Let Q, be the domains defined on , 1 <p<oo, and kK > 0. Given
[ € LP(Qy,,ds") with vanishing mean value, there exists a vector field u € Wol’p(Qw, défa*”)"
solution of divu = f such that

HDUHLP(Q%d};a*H) < CHfHLp(deaﬂ)v
where C' depends only on K, o, n, p and k.

Proof. We start defining a collection of cubes in the style of the Whitney cubes, but in
this case the diameter of the cubes is comparable to dg instead of the distance to 0€2,.
The construction of this collection of open cubes {Q}+cr consists on piling cubes as boxes
one over the other one in such a way that the common length of the sides of each cube is
comparable to dg. The cubes are constructed level by level starting by level 0, which has just
the cube Qq = (5%, 5)"% x (0,1). The construction of the cubes induces the tree structure
of the index set I" where the parents of the index of the cubes in level m + 1 are the index
of the cubes in level m. Thus, suppose that we have defined all the cubes in level m, and let
Q: = Q} X (Y1, Yt,2) be one of them. Let us denote by l; the common length of the sides of
Q¢. Thus, all the cubes @Q,’s in level m + 1 with s, = t are defined in the following way: we
move up and then expand @; to obtain @ = 3(Q; + (0,---,0,1;)) thus

(i) if @ C Qg there is just one cube Qs on level m + 1 such that s, = ¢ and it is
Qs :Qt+(0a ,O7lt)7
(i) if @ ¢ Qu g there are 277! cubes Q4 with s, = ¢ and they are written as Q, =
Q' X (Y2, yr.o + 1;/2), where Q' is one of cubes in R"~! obtained by splitting
t,1/2 25 YL, t,1/2
Q) into 2”1 cubes with length of its sides equal to /2.

See figure 3 for an example of the construction.
Note that the common length of the sides of the cubes {Q;}icr decreases with respect to
the order > inherited from the tree. Indeed,

Iy <l ift > s. (6.26)
Let us show another property satisfied by this collection. Given @), it satisfies
lt S d’iSt(Qt, G) S Cn lt. (627)

The first inequality follows from the definition. To prove the second one, note that there
exists Qs with s < ¢ and I, = 2l; such that 3(Qs + (0,---,0,1s)) ¢ Q, g. Thus, following
the notation Qs = Qs X (Ys1,Ys2) and Qr = Q) X (y¢.1,Yr,2), we can assert that there exists
xs € 3Q% such that p(z5) < yso + 2ls < yp1 + 4l

On the other hand, ¢ > y;.1+2l; in @}, and Q; C Q.. Thus, using the convexity of 3Q’, and
the continuity of ¢, there is another point in 3@, let us represent it with the same notation
T, such that

Y1+ 2 < p(xs) <y + 4l (6.28)

Observe that any point in @} has a distance to x4 less than the diameter of 3Q’, which
equals 6y/n — 11;. Thus,
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-31/2 -1/2 l 112 3112

FiGure 3. Under the graph of a Holder-a function

dist(Qs, G) < dist(Qy, (x5, o(5))) < /diam(3Q%)2 + (31;)2 < 3v/4n — 31;.

Now, we are ready to define the collection {{};cr of subdomains of 2, to apply Theorem
The first subdomain €2, is the cube @)q, and the other ones are the n dimensional
rectangles defined by

1
Q= Q:e X (yt,l - §lt,yt,2)7 (6.29)

where Q¢ = Q} X (Yt.1,Yt2). Observe that yp0 = yi1 + I

It can be seen that conditions (a) and (c) are valid, with a constant N = 2. Indeed,
QN Qg # O for t # s if and only if one index is the parent of the other one.

Next, if we define the collection {B;};+, as

1
By = QN Qy, = Qi x (ye,1 — §ltayt,1)’

(b) follows.
Now, let us show that (d) is verified with @ := dj; ®. In order to estimate w, we take the
point x5 € R"™1 that verifies (6.28)). Then , for all z; € Q) it follows that

lp(xe)| < () — @(xs)] + o(zs)| < Cn,aKsol? + 4l + Y1

Thus, [Wi| < Cpo(K, + 17 and |By| = $17. Then, given s € I' with s, = t, we
have that |Ws| < |W;| and |Bs| > 27"|B;|. Thus,

n,o 1—a Cn,a
t

(Kgo + ln—l-‘roe) =

> —__ Tm® 11—«
wiz,y) = (Kp + In—1+a) "G 7
if (z,y) belong to ;. Then,

: _ C .
essinf w(z,y) > e I]7* > esssup e Lo

(I 1 n—lta) T 1),
(z,y)e (K(p + ln71+a) (2,9) € (K‘P + ln71+a) G ( y)
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proving (d) with a constant M; depending only on K, n, a and [.

In order to study (e) we take w := d;". Using that x > 0 and dg is bounded over Q, it
follows that LP(Q,,d;") C LY(,). Next, from 1' we have that %lt < dist(Q, G) < Cp 1y,
hence we can assume that dé_a is constant over ) reducing the problem to the case x = 0.
Now, Q;, with t # a, is a translate of (0,1;)"~! x (0,3l;/2), thus, using Lemma we can
assert that ; satisfies (div)p with a constant depending only on n.

Finally, condition (f) follows from and Lemma Moreover, it can be observed
that dg < Cyls in Qg and I3 < [; if s = t, hence dg < Cpl; over Wy.

Now, given g € LP(€y,,d;") the function gd" belongs to LP(),), and using Lemma
we have

1 p
Tgpag™ = / i ( gldgr )
/Q ¢ Z B, ¢ \IWi Jw, 7CGC

P
< d ot ( g d_”>
= Cups it o aldgt) < ot oo,
n,p, ;/t <|Wt’ /Wt G P G 1ILP(S2)
proving the lemma. O

Theorem 6.1 (Divergence on Holder-o domains). Let Q@ C R™ be a bounded Hélder-o do-
main, and 1 < p < co. Given f € LE(Q,d™"), with d the distance to O and k > 0, there

exists a vector field u € Wol’p(Q,dlf‘l*“)” solution of divu = f with estimate

| Dul|ppar-a—x)y < Cll fllLe(0,a-+)s
where C' does not depend on f.

Proof. 2 is a Holder-a domain, thus 92 is locally the graph of a Hélder-« function, after
taking a rigid movement. In fact, we can assume that 92 can be covered by a finite collection
of open sets {U;}1<i<m such that ©; := U; N Q is in the form , where the extended
domain in is the intersection of another open set V; D U; with €. The reason to
consider these V/s is just to have d locally comparable to dg. Also, it can be assumed that
the finite collection {€2;} is minimal in the sense that for each 1 <7 < m the set Q; \ U;,; U;
has a positive Lebesgue measure. Now, let us take a Lipschitz domain (g CC 2 such that
B, := (©2; N Uy) \ U,; Uj has a positive Lebesgue measure and U €); = Q.

Let us define the finite collection {€;}o<i<m. The tree structure of the index set I' =
{0,1,--- ,m} is defined in such a way that two nodes 7 and j are connected by an edge if and
only if one of those is the root a = 0. Thus, the partial order is given by ¢ < j if and only if
1 =0.

The proof of this theorem follows the idea used to prove Theorem[3.2]with a minor difference
in condition (e). In this case, the condition has two different weights and it can be stated as:
given g € LP(€,d™") with vanishing mean value there is a solution v € W['(Qy, d'=*"%)" of
divv = g with

1DV e (@u,a—+) < M2llgllpr(y,at—a—r)

for all t € I', where the positive constant Ms does not depend on t. This condition was proved
in Lemma [6.7]

Now, note that w takes finite different positive values, thus the weight w can be assumed
constant over {2 obtaining (d). On the other hand, the operator T has its support in o,
which is compactly contained in €. Thus, the weight & := d'~®* can be assumed constant.
Hence, from Lemma the operator T : LP(2,d'~*7%) — LP(,d'~*~*) is continuous and
(f) is satisfied.
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It can be noted that condition (a), (b) and (c) can be easily verified from the definition
of the collection of subdomains and it finiteness. Thus, the proof goes as in Theorem O

In the last theorem we show the well-posedness of the Stokes equations on bounded Holder-
«a domains.

Theorem 6.2 (Stokes on Holder-aw domains). Given 2 C R™ a bounded Hélder-a domain,
and two functions h € LE(Q,d*™1), and g € H-Y(Q)". Then, there exists a unique solution
(u,p) € HF(Q)"™ x L*(Q,d'™%) of with prdQ(lfa) = 0. Moreover,

|1 Dul|20) + 1Pl L2 (0,q1-o) < C (llglla-1(0) + 17l L2(0,d0-1) (6.30)
where d is the distance to 082, and C depends only on ).

Proof. The proof of this theorem follows the same idea as the one in the proof of Theorem
0.2 ]
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