KORN INEQUALITY AND DIVERGENCE OPERATOR:
COUNTEREXAMPLES AND OPTIMALITY OF WEIGHTED ESTIMATES

GABRIEL ACOSTA, RICARDO G. DURAN, AND FERNANDO LOPEZ GARCIA

ABSTRACT. The Korn inequality and related results on solutions of the divergence in Sobolev
spaces have been widely studied since the pioneering works by Korn and Friedrichs. In
particular, it is known that this inequality is valid for Lipschitz domains as well as for the
more general class of John domains. On the other hand, a few known counterexamples show
that those results are not valid for certain bounded domains having external cusps.

The goal of this paper is to give very simple counterexamples for a class of cuspidal
domains in R™. Moreover, we show that these counterexamples can be used to prove the
optimality of recently obtained results involving weighted Sobolev spaces.

1. INTRODUCTION

This paper deals with two related results which are basic in the analysis of problems in
continuum mechanics, namely, the existence of solutions of the divergence in Sobolev spaces
and the so called Korn inequality.

Let us recall these two results. For a vector field v € W1P()", £(v) denotes the symmetric
part of the differential matrix of v, namely,

1 Bvl- 81}]'
e (V) = 2(8xj + 8xi>'
Given a bounded domain 2 C R™, n > 2, we say that the Korn inequality is valid in € for
some p, 1 < p < oo, if for any v € WhHP(Q)",

IVllwrr) < ClllvIiLe@) + el (1.1)

where the constant C' depends only on  and p. Actually this is not the original statement
of Korn (in particular he considered only the case p = 2), but his results can be derived in
a simple way from this inequality. In what follows, if (1.1) is valid in £ we will say shortly
that 2 satisfies Korn,,.

On the other hand, we will say that Q satisfies div, if, for any f € LH(Q) (where the

subscript 0 indicates that [, f = 0), there exists u € Wol’p(ﬂ)” = C§°(2)™ such that
divu=f in Q

and
lallwre@n < Cllflloeo) (1.2)

with C' depending only on € and p.

Since the pioneering works of Korn [K1, K2] and Friedrichs [F1, F2], there have been many
papers analyzing the validity of Korn, and div, under different assumptions on the domains.
Moreover, the relationship between both results has been widely studied (we refer to the
review article [H| and its references). In particular, it is well known that both results are
valid for bounded Lipschitz domains and also for the broader class of John domains (see
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[ADM, DRS]J). Concerning the relation between both results, it is known that, if € satisfies
div,, then it also satisfies Korn, (see for example [ADM, BS, C1].

Moreover, in the two dimensional case, when p = 2 and 2 is simply connected and with
smooth boundary, a precise relation between the best constant in (1.1) and that in (1.2) was
given in [HP]. In that paper the authors considered also the following inequality for analytic
functions due to Friedrichs [F1]. Suppose that

f(2) = p(z,y) +iv(z,y)

is an analytic function of the complex variable z = 2 4 iy in Q C R?, with ¢ and ) real
functions and fQ ¢ = 0. Then, Friedrichs proved in [F1] that, under suitable assumptions on
), there exists a constant C' depending only on €2, such that

lellz2) < CllYllr2)- (1.3)

In [HP] the authors also obtained a relation between the best constant for this inequality and
those in (1.1) and (1.2). It is not difficult to see that, if  is simply connected, the Friedrichs
inequality can be derived from both dive or Korns.

On the other hand, it is known that there are bounded domains which do not satisfy the
inequalities introduced above. Indeed, a few counterexamples can be found in the literature.
The oldest counterexample is due to Friedrichs [F1], who showed that the estimate (1.3) is
not valid for some simply connected domains which have a quadratic external cusp (see [F1,
page 343]). Another counterexample for the two dimensional case was given in [GG], again
using domains with external cusps. For the three dimensional case, a counterexample for the
Korn inequality was given in [W].

In view of these counterexamples, a natural question is whether it is possible to obtain
some weaker estimates similar to (1.2) and (1.1). Some results in this direction have been
obtained in [ADL, DL1, DL2] using weighted Sobolev norms. The weights used in those
papers are powers of d(x) (the distance of x € Q to 02) for a general Holder o« domain, or
powers of the distance to the set of singularities M C 0%, that we will denote with dps(x).

The goal of this paper is to present simple counterexamples for a class of domains with
external cusps, and moreover to show that the results obtained for weighted norms in [ADL,
DL1, DL2] are optimal, in the sense that the powers of d(z) or dy/(z) involved in the estimates
obtained in those papers cannot be improved. A particular case of our counterexamples was
presented in [D].

Section 2 deals with the case of domains with a power type cusp. First, counterexamples
for the Korn inequality (1.1) are given for planar domains. Then we recall some weighted
Korn inequalities obtained in [ADL, DL2|, and use our examples to show that these results
are optimal. Next we show that the techniques can be generalized to treat higher dimensional
domains with different kind of power type singularities. We end this section showing that
similar ideas can be applied to construct counterexamples for the related div,, problem and
also to show that the weighted results given in [DL1, DL2] are optimal. Finally in Section 3,
we extend the results for domains with more general cusps, i. e., cusps of non power type.

2. SOME SIMPLE COUNTEREXAMPLES

In this section we present very simple counterexamples for both problems Korn, and div,
for cuspidal domains. As we will see, these counterexamples can also be used to prove
optimality of the results in weighted norms obtained in [ADL, DL1, DL2]. For the sake of
clarity we present first the results in two dimensions and explain afterwards how they can be
extended for higher dimensional domains.

For v > 1 consider the domain (see Figure 1)

Qi={(z,y) eRZ:0<z <1, Jy|<a}, (2.4)
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and the vector field w = (u,v) = ((s — 1)yz~%,2'%), with s € R, s # 1, to be chosen below.

Cusp

FIGURE 1. 2-Dimensional external cusp.

Let us notice that 2 is not a Lipschitz domain but it is Holder «, with o = %

If Dw is the differential matrix of w we have

= (7T )

while, on the other hand,

cwy = (D

A straightforward computation shows that,

1 xY
Wit < c< /0 /0 (P27 +$p(13))dydx>

1 z 1
C </ / xp(ls)dyda:) = C/ PPy,
0 JO 0

1 x 1
W), < € /0 /0 PP dydz < O /O =40 gy

IN

and

hence
) +1 +1
5 < min {”pf -0 1} = ey, Wl < 0 (25)

However, we have

p 1

‘ Ou = C’/ Py,

83/ Lr(Q) 0
and so,

0 1

‘u <oo:>s<i. (2.6)
dy LP(Q) p

But, since v > 1, it is possible to take s such that,
1 1 1
i §8<min{(7+)+(7_1)7(’}/+)+1}7
p p p

and therefore, it follows from (2.5) and (2.6) that the classical Korn inequality (1.1) cannot
be valid in €.

Moreover, let us show that the same example can be used to show that the weighted results
obtained for some non smooth domains in [ADL, DL1, DL2] cannot be improved.
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For example, for 2 C R™ a Holder o domain in any space dimension n > 2, the following
weighted inequality holds for any 1 < p < co [ADL, DL1],

la" = *Dw| o) < C {lle(W)llzoo) + Wlioem) } - (2.7)

where d stands for the distance to the boundary of € and B is a fixed ball such that B C Q.
The same field w used in our counterexample for the classical inequality shows that (2.7) is
sharp in the sense that the power of d appearing on the left hand side cannot be reduced.
Indeed, since the last term on the right hand side is the norm of w on the ball B which
satisfies B C (2, the same computations given above gives now,

(y+1)
p
instead of (2.5). Introducing the subdomain 2 1 C Q

s < + (=1 = lleW)llzr@) [Wllrs) < o0 (2.8)

1
Q% ::{(a:,y)eR2 :O<x<1,0<\y|<2x7}, (2.9)
we have, for any 3,
P

ou
B8Ze
Hd y

6y

Lr@,)
2

Now, it can be easily checked that for our domain Q, d(z,y) ~ 27 — |y| and therefore, for
(z,y) € Q1 we obviously have d(z,y) ~ 7 — |y| > 3z7. Hence
2

P 1 pzv/2 1
> C/ / PPy dr = C/ PP g
Lr(9) 0o Jo 0

and so, Hdﬁ%HLP(Q) is not finite if WTTl—l—ﬁv < 5. On the other hand, for any § < 1—a = 1—%
it is possible to take s such that

v+1
p
which, in view of (2.8), shows the optimality of (2.7) in the sense that it is not possible to
replace the power 1 — a on the left hand side by any power 5 < 1 — a.
Powers of the distance to the boundary as weights seems a natural choice for general Holder
a domains since 02 may have many singular points, in particular, the set of singular points
can be a dense subset of 0€). However for cuspidal type domains, such as the one under
consideration, powers of the distance to the cuspidal point might be used instead. In fact,
the following result can be found in [DL2]. For © as in (2.4), let dj; be the distance to the
cusp placed at (0,0), then

3 Dwl| oy < C {lle(W) o) + [WllLos) } - (2.10)

Lr(Q)

ou
37
Hd Oy

+ﬁ738<(7;1)+(7—1)

where, as before, B is a fixed ball satisfying B C Q. Let us notice that, for this particular
domain, (2.10) is stronger than (2.7). Indeed, for (z,y) € Q, we have dy/(z,y) = ||(z,y)|| ~ =
and then d'~%(z,y) < 270~ ~ d?vfl(a:,y) while d}gl(x,y) cannot be bounded by positive
powers of d(x,y). Moreover, it follows immediately that (2.10) cannot be improved by taking
on the left hand side a smaller power of dj;. Indeed, since for any 4 > 0, d*? < d/jg\/l in Q, if
we could replace v — 1 by some 3 < v — 1 in (2.10), we could also improve (2.7) by replacing
a—1byaf<1-—a.

Before proceeding, let us mention that both (2.7) and (2.10) can be generalized taking
some part of the weight to the right hand side. Indeed, in the first case it was proved in



[ADL] that, for any 3 such that o < 5 <1,

|42 DWll o) < € {142 Pe(w)ll ooy + [Wleogs |
while in the second case (see [DL2]), for any 5 > 0,

15 DW ooy < € { a5 (W) ooy + W lzos) }

We have considered the particular cases (2.7) and (2.10) in order to simplify technical
details. However, it can be seen that our counterexamples can be used to show that the
above general estimates are also optimal.

On the other hand, a simple generalization of the vector field introduced for our coun-
terexamples can be used to obtain similar results in arbitrary higher dimensions. Indeed, let
us define now (see Figure 2),

Q:={(z,y) € (0,1) xR" " : |ly| <27}. (2.11)

Cqsp

FIGURE 2. n-Dimensional external cusp.

Taking w = ((s — 1)(y1 +y2 + - Yn_1)x "%, 2175, - | 217%) we have
Dyw =—s(s—)(y1 + - +yp1)z 5!, Dyw=-Djjw=(s—1)z* for j>1
and D;;w = 0 otherwise. Therefore, the only nonzero component of e(w) is
enn(w) = —s(s =)y 4 +yn1)z """

Then, a straightforward calculation yields

le(W) o) = C’/Q 1+ - + Y1 P2 P dyde < C/Q Iy [Pz P+ dyda:

1 xY 1
< C/ / pp+n—2xfp(s+1)dpdx < C/ LI;’Y(JDJrnfl)fp(erl)dl,7
0 0 0

1
Wl < C [ a0 Pdydr < C [ arni=n

and 1
HDwHip(Q) > C/Q:L'_Spdydq: > C/O 2Y(=1)=sp 1.
Then, if
D+ <min{7<n—1>+1+7_177<n—1>+1+1}7 (2.12)
p P D

le(W)llzp(@) and [|[w|[1p(q) are finite while [ DW||1»(q) is not. But, since v > 1, it is possible
to choose s satisfying (2.12), and therefore, (1.1) does not hold in .
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Even more, similar arguments can be applied to show that the classic Korn inequality (1.1)
is not valid in more general cusps. Indeed, for k > 1, define (see Figure 2)

Q= {(5,y.2) € (0,1) x B x (0,1)" L+ |y <27}, (2.13)

FiGure 3. Flat Cusp.

We can generalize our counterexample by taking

—_—~
w = ((8 - 1)(y1 +y2 + - "yk)xis)xlisu" ' )‘Tlisaou" ' ’O)

Now we have

“€(W)‘|Izp(g) = C/Q ]yl 4+ yk|Px_p(s+1)dydde < C/Q |b'”pl'_p(s+l)dydxdz
1 px? 1
< C/ / pp+k—1xfp(s+l)dpdx < C’/ xv(p+k)—p(s+1)dx’
0 JO 0

1
[l <€ [ a0 Pdyds < € [ akH0-ras,
Q 0
and 1
1DW |70y = / v~ *Pdydz > C/ ol
Q 0

Therefore, taking now s such that

vk+1 §5<min{’yk+1 +”y—1,7k+1 —i—l},
p p p

which is possible for any v > 1, we conclude that (1.1) is not valid for the class of domains
defined in (2.13).

Let us mention that, the vector fields introduced for the counterexamples can be used to
show the optimality of the powers in the weighted estimates (2.7) and (2.10) for the domains
(2.11) and (2.13) (in this last case, and for (2.10), djs is defined as the distance to the singular
set of the boundary placed at (0,0,z), 0 <z < 1).

As we have mentioned in the introduction, it is known that if a domain satisfies div,, then,
it also satisfies Korn,. Therefore, the counterexamples given for (1.1) show immediately that
the cuspidal domains defined above do not satisfy div,,.

Although, in some particular cases, it was shown in [DL2] that weighted Korn inequalities
can be derived from weighted versions of divy, it is not clear whether this can be done in
general.

However, it is not difficult to see by direct computations that the same vector fields intro-
duced above can be used to show that cuspidal domains, such as those given in (2.11) and
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(2.13), do not satisfy div,. Moreover, as for the weighted Korn inequalities, it is possible to
show the optimality of the weighted versions of div, obtained in [DL1, DL2].

Let us consider, for example, the weighted version of div, proved in [DL2]. To state a
result obtained in that paper we first introduce some notations for weighted Sobolev spaces.
Let w, w1 and wo be non negative functions defined in a domain 2. For 1 < p < 0o, we denote
with LP(Q,w) the Banach space with norm given by HfHLp Qw) = [ |f[Pw and define

WIP(Q, w1, wo) := {f € LP(Qw1): Vf e LP(Quw)"}
and the corresponding norm,

of |I”

”f”wlp (Qwr,wa) HfHLP (Quwr) 3%

LP(Q,w2) .

Also, we define Wol’p(Q,wl,wg) = C§°(2) and, if w is such that LP(Q,w) C L1(),

LE(Q,w) := {feLp /f_()}

In what follows, g will denote the dual exponent of p. For the family of domains defined in
(2.13), and recalling that djs denotes the distance to the cusp, we have the following result
proved in [DL2, Theorem 4.1],

Theorem 2.1. Let Q be as in (2.13) for a fivzed v > 1, and 1 < p < oco. If
k—+1 —1 k+1 —1
p q q q

and n > B+~ —1 then, for any f € L‘S(Q,d}]’\fj) there exists w € Wol’p(Q, dﬁyfl),dﬁg)” such
that

divw = f
and
HWHWl’p(Qfdﬁ/(jn_Uvdi?) < C”fHLP(Q,dﬁ?)

where the constant C' depends only on (3, n, p, and €.

Remark 2.1. It is not difficult to check that the condition on [ in the statement of the
theorem implies LP(Q,d];V?) C LY(Q), and therefore, L5(€Q, d’]’\f) is well defined.

Let us show that the condition 7 > 8+~ — 1 in Theorem 2.1 is sharp. As in that theorem,
we assume that [ satisfies (2.14). We will also assume that constant functions belong to

LP(Q, d?%) which leads to the condition
vk +1

0< + 5. (2.15)

For any f € L'(Q) we denote with fq its average over 2. Consider the function f(z,y,z) =
x7%, where 0 < s < vk + 1 will be chosen below. Observe that, under this condition on s, we
have f € L1(Q) and so fq is well defined.

Now, for € > 0 small, we define

ey = { T e

€ if z<e

It follows from (2.15) that f. € LP(Q,d%2).
Assume that the statement of Theorem 2.1 holds for some n < #+ v — 1. Then, for each
€, there exists w. = (W¢ 1, W ,—1) such that divw, = fc — fc o verifying

||DW5HL7’(Q,di?) < C”f6 - f@QHLP(Q@?\?)' (216)



Then, recalling that dys ~ =, we have

1= sl = [ (e~ FeP VS Fos e dudyda
/ divwe(f. — foo)lfe — foolP e dedyda,

and therefore, integrating by parts we obtain

8((fe - fe,Q)|f6 - fe,Q|p_2l'pﬁ)
Ife = feall}p g mo) / We,1 o dxdydz. (2.17)
To simplify notation let us define
h. = 8((fe(x) - fE,Q)’fe(x) - fe,Q ’p—2l.pﬁ)
€ 8:1/‘ .
Recalling that (z,y,2z) = (x,y1,..., Yk, 21, .-, 2n—k—1), We can write h, = 8%;:6). Then,
replacing in (2.17) and integrating by parts again, we obtain
Owe
Ve = Jeallfym = | 5y 2 yy he dadydz. (2.18)
Q

_1
But, it is not difficult to see that, for z < fg, ® /2, we have

|he| < C—sP=D4pB-1,

Let us mention that we have considered x small enough to be away from the point where
fe(x) — feq =0, because at that point h. blows up in the case p < 2.
Then, applying the Holder inequality in (2.18), we obtain

—s(p—1 1
Ife = fEQ”LP(QdPﬁ)<C”DWEHLP(Q,d7v}7)Hy1x s(p=1)+pB- ||Lq(QdM)

Therefore, using (2.16) and again dy; ~ x, we conclude that

Ife = feol® < Cllyra @014 o). (2.19)

LP(Q,d%%) —
However, a straightforward computation shows that, a choice of a positive s in the range

vk +1 vk +1

+4<s< +ﬁ+(ﬁ+v—n—1)§, (2.20)

leads to ||f — fQHLp(Q oy = +oo and ||y1:c_5(p_1)+pﬁ_1:n_"||Lq(Q) < 00. But, taking the
g

limit ¢ — 0 in (2.19) we get a contradiction. Since n < 3+ v — 1 such an s exists. Recall
that we also need s < vk + 1, but, an s satisfying this restriction and (2.20) exists because
2k+l 4 3 < 4k + 1. Indeed, this inequality follows from the assumption (2.14). Therefore,
we conclude that a result as that in Theorem 2.1 is not valid under this relation on the
exponents.

To finish this section let us make some comments on solutions of the divergence for general
Hoélder-a domains. For this case, results analogous to Theorem 2.1, but with weights which
are powers of the distance to the boundary, have been obtained in [DL1, DMRT]. Using
arguments similar to those given above, one can show that the results obtained in those papers
are optimal in the sense that the powers in the weighted estimates cannot be improved. We
refer the reader to Theorem 4.2 in [DL1] where a particular case was considered.



3. DOMAINS WITH A GENERAL EXTERNAL CUSP

In this section we consider the case of domains with more general external cusps. We
have not been able to obtain a straightforward extension of the counterexamples given in the
previous section, and therefore, we use here a different idea.

Let ¢ : [0,1] — R be a C! function such that ¢(0) = 0, ¢,(0) = 0 and ¢, is strictly
increasing. Two examples are

i) o(x) =7, with v > 1.
i) o(z) = e /%" in (0,1] and ©(0) = 0.

In particular, the arguments developed below give a different approach to construct coun-
terexamples for the power type cusps considered in the previous section.

Associated with ¢ we introduce the cuspidal domain Q, C R" given by

Q= {(2,y,2) € (0,1) x B x (0,1)" 71+ |yl < p(a) }, (3.1)

where k > 1.
Since ¢, is a strictly increasing function, there is a monotone sequence (T, )m>m, C (0, 1]
such that
Oz(Tm) =27 (3.2)
We will also use the notation 7, := ,, — Tm+1 and, without loss of generality, we assume
that mg =1 and z1 = 1.
In the next lemma we prove two elementary properties of p(x).

Lemma 3.1. If (z,)m>1 15 the sequence defined in (3.2), ¢ satisfies:

o-(m+2) o £() if w <r<a, (3.3)
T'm
and (@)
p(x —(s— )
TW.S2(JU if Ty <@ < Ty, (3.4)

for an appropriate subsequence (Ty,;) of (Tm).
Proof. For x € (X1, Tm] we have,
p(r) = @(x) = p(Tmi1) + P(Tmi1) = 0(2) = @(Tmt1)
= 02(&) (T — Tpmt1) = 2_(m+1)<33 — Tmt1),

where € € (2,41, ). So, if x € [w,xm], it follows that (z — zp41) > "5+ and (3.3) is
proved.
On the other hand, using that ¢(0) = 0 and an inductive argument, we have
o(@m) < p(Tmy1) + 27" (Tm — Timy)

< @(@mi2) + 27" (@1 — Tmg2) + 27 (@ — Tag)

S Z 2_1 (1’7, — xi—i—l) = Z 2—@,”'
i=m i=m
T

Now, we choose a subsequence (rp,;) of (rm,) such that 7= <1 for all ¢ > m;. For example,

we can take 7, as the maximum of r; over all ¢ and Tm; as the maximum of r; over all
© > mj_1. Then, it follows that

SD(x7nj) < i Q—i — 2_(mj—1)
T'm; -

1=my
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Therefore, using that ¢ is increasing, we obtain (3.4). O

In the next theorem we will prove some necessary conditions for weighted Korn type
inequalities in €. Although generalizations for non power type ¢ of the results given in
[ADL, DL1, DL2] have not been proved, we believe that powers of ¢, are the natural weights
to be considered. In the construction given in the following theorem we use some ideas from
[Do].

Theorem 3.1. Let Q, C R" be the domain defined in (3.1), p1, P2 € R, 1 <p < oo and B
a ball compactly contained in Q. If there exists a positive constant C such that

oy + IV lzo(s) } (3.5)

HDVHLp(QLp790§61) S C {HE(V)HLP(QAP#;I

for all v € Wl’p(QW gogﬁl)”, then 31 > (o + 1.

Proof. Let xm(x) be the characteristic function of the interval [z,,41, zy,]. For each m > 1
n—k—1

—
we define v = (vi,va,...,Vkt1,0,---,0) € WP(Q, ,gpﬁﬁl) (we omit the dependence on m

to simplify notation) by

. 2T
V1($7Y7z) = Xm(x) S (

2
7(y1_|_..._|_yk)
'm m

(@ = mir))

and

T'm

Vi@, y,2) = X () (cos (2” (- mm+1)> - 1)

for2<i<k+1.
It is easy to check that €; ;j(v) vanishes for (4, j) # (1,1). So, since B is compactly contained
in Q, it follows from (3.5) that

< Cllena(v)l

(3.6)
LP(Qy,05")

8V2
LP(Qp,0572)’

O

for m sufficiently large.
Now, using that the weight in the left hand side of (3.6) is equivalent to 2-™PA1_if z

belongs to [Tm41,%m], and property (3.3) we obtain
2 Prom\?
~ 9~mpbL / sin <7r (x — aij)) <7r) Xm(z)dxdydz

LP(Q2p,02") Q Tm Tm

9=mpfL [om 2 P "9

~ kl/ sin <7T (x — :Em+1)> <g0(x)> T

Tfn Tmt1 Tm T'm Tm
o—mpht [Tm 2 P k2
k/ sin (7r (x — a:m+1)) (cp(x)) Mdr (3.7)
Tm (Tm+1t+Tm)/2 T'm

T'm T'm

92 m(pB1+k) 21

4k,,,.pkl/ |Sint|p dt
m s

9—m(pB1+k)

—k—1
Th

H Ovy ||P

v

Y

12

Analogously, if m = m,; for some j, using now (3.4) we have
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x(z)

<3w ) (2 b
( (T — Zmy1) <>2ppp+k_1d,0dx

cos,<27r (x—a:mﬂ)) ( (@ ))M i (3.8)

'm T'm

P ~ 9—mpP2
11y =27

Tm
Tm+1
2— mpB2 Tm
= k1 /
rm Tm+1

9—m(pB2+p+k) 2
< 2p+k/ |cos t|P dt
0

— —k—1
Tm

9—m(pB2+p+k)

—k—1
Tm

Now, it follows from (3.6), (3.7) and (3.8) that there exists a positive constant C' which
does not depend on m such that

12

9—m(pP1+k) 9—m(pBa-+p+k)
p—k—1 = C p—k—1
m Tm
for all m = m;. Thus, we have 9-mp(B1—=B2-1) < (' for all j > 1, and therefore, §; > By + 1
as we wanted to prove. O

We end this section with an optimality result on solutions of the divergence in €2,. As in
the previous theorem we will consider weights which are powers of .

Theorem 3.2. Let ), C R" be the domain defined in (3.1), 1,52 € R, and 1 < p < co. If
for any f € LP(Qy,, 90552) N Ly(,) there exists v € Wy (Qy, PP such that divv = f and

HV”W&P(waiﬁl) < C”fHLP(QLP,@iﬂQ)’ (39)
where C' depends only on Qy,, B1, B2 and p, then 3 > B2 + 1.

Proof. We will use again the sequence z,, introduced in (3.2). Defining anm, = (Zmy1+Tm)/2,
we introduce for each m € N the domain

Q= {2am —z,y,2) : (z,y,2) € Q,}.

Observe that €1, is obtained from ), by symmetry and translation. Therefore, under the
hypothesis of the theorem we now that, for any g € LP(Q,,w2) N L§(£,), there exists v €

Wol’p(Qm,wl)” such that divv = ¢ and
1Vl tr () < ClIllLr (@ wn): (3.10)

where wy (z) = ¢§51(2am —x) and wa(z) = 907;52(2am —x). It is important to remark that the
constant in (3.10) is equal to the one in (3.9), and therefore independent of m.
Now, let us define U, C Q, and U}, C Q,, as
Un={(z,y,2) €Qp : Tpq1 <z < xp}
U ={(z,y,2) € Qn : i1 < < T}
and
Dy, =U,UU, .

Observe that D, is a Lipschitz domain. Recalling the definition of z,, and that ¢, is an
increasing function, we have that, in D,,, w1 ~ 27251 and wy ~ 27™PP2 Moreover, D,, is
symmetric with respect to © = a,,.
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Drm-.

Xm+1

F1GURE 4. The Lipschitz domains D

Using an argument introduced in [B], we can decompose any g € L{(D,,) as a sum of
functions g1, g2 € L(D,,) where g1 and go are supported in Uy, and U}, respectively. In fact
we define

g($73’7 7yz fUm

|UmmU, | in Uy,
g1(z,y,z) =

0 in Dy, \ Un,
where x is the characteristic function of U,, N U, , and g2 := g — g1. Moreover, we extend g;
and go by zero outside D,,.

Then, using the Holder inequality, we have

—m, —m, 1
gl o, o) = 27" llg1ll2o(p,) < 27 <”9””(Dm PARIARL / |g’>
1/q
—m 7

If m = m; for some j, it is easy to check, using Lemma 3.1, that

|Un|
1< <C
S |Un U, =7

where the constant C' does not depend on m. Thus, we have

HngLP(QW(pg@) = CQ_mﬁ2||9||LP(Dm (3.11)

and consequently,

1921l o (@) = 272N g2ll oDy < C27" gl oD, (3.12)

Now, from (3.9), (3.10), (3.11), and (3.12) it follows that, for any g € L§(D,,), there exists
u € WHP(D,,)" such that divu = g, u =0 in 9Dy, N {|z — am| # 7 /2} and

[ullwin(p,y < €272 gl Lo, (3.13)
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Now, take g € LB(D,,) and u as above and let f € LY(D,,) be defined by f(x,y,z) =
sin(f—l(m — @y )). Then, integrating by parts and using (3.13), we have

=0

g

2 2 2
/ fdivu:—/ lcos (W(x—am)> ul—i-/ sin (W(az—am)>u.y
Dm, m Dy Tm Tm 8D Tm

2T oYy <27r >
=—— cos | —(z —ap) | uy

'm JD,, oy T'm
=0

2T 27 ou; 2w 27 o~
= — yp cos | —(xz —ap) | =— — — y1 cos | —(z — ap,) | My
Tm m T'm oy Tm JoD,, Tm

2 2T
< == ‘ Y1 CoS <(:c - am)) HDUHLP(Dm)
Tm m L4(Dyy)
9—m(B2—P1) 2T
Co—— |lyy cos ((:c - am)> 91l e (D,n)-
Tm T'm Li(Dy,)

But, since f and D,, are symmetric with respect to z = a,, we have, [ p. [ =0, and so,

f fg 9—m(B2—P1) 1t
£l za(p,) = sup D < Y1 COS ((:n — am)> .
O#QELZO?(DW) HQHLP(Dm) rm rm Lq(Dm)
Finally, computing the norms we obtain that, for all m = m;,
P fay-misa < 2" (qakinsag-miaa
T'm
and therefore,
9—m(B1—F2—1) <C.
Thus 61 > (G2 + 1. U

Remark 3.1. In the particular case By = 0, the result in Theorem 3.2 can be deduced from
Theorem 3.1 with 51 = 0. Indeed, this follows from theorem 6.1 in [DL2, Theorem 6.1].
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